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1.0 SUMMARY

1.1 Contract Description

This contract focused on the physics of Coherently Coupled Phase Conjugators

and the feasibility of these devices for inertial sensing. The effort began with a simple

theoretical description of the nondegenerate oscillation in a linear double phase-

conjugate oscillator (DPCO) due to nonreciprocal phase shift, and it could explain the

operation of a linear position sensor and a phase-conjugate gyro. This was followed by

the first experimental observations of oscillation and beat frequency in photorefractive

double phase-conjugate ring oscillator (DPCRO) with nonreciprocal phase shift, using

both the self-pumped and externally pumped phase-conjugate mirrors (PCM's). The

effort culminated with the impressive demonstration and understanding of the frequency

locking behavior of a photorefractive phase-conjugate ring oscillator (PCRO) due to

contradirectional coupling of either a coherent or an incoherent seed beam. A

theoretical study of the nondegenerate oscillations in an externally driven Fabry-Perot

cavity with an intracavity phase-conjugate element was also carried out under this

contract.

1.2 Scientific Problem

Two phase-conjugate mirrors with gain are coherently coupled by the oscilla-

tion that builds up between them.1-3 This is called a double phase-conjugate oscillator

(DPCO). DPCO's have many interesting properties that can be used to make sensors.

For example, the frequencies of the counterpropagating oscillations are independent of

the reciprocal optical path length of the resonator, and depend on the nonreciprocal

optical path length. Since inertial effects produce nonreciprocal phase-shifts, the device

can be used to sense motion with improvement in the frequency locking characteristics

because the two counterpropagating waves support each other and do not compete for

Sain.4,5 Under this contract, we studied in great detail the frequency locking behavior

of a photorefractive DPCRO and PCRO both theoretically and experimentally. As a

result of our work, we now have a clearer understanding as to why only coherent

backscattered (or seed) light will cause frequency locking due to competition between

the various gratings, whereas incoherent backscattered light will not affect the

frequency locking behavior. The observation of higher harmonics of the beat frequency

IC I11264DD/ejw
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in the photorefractive PCRO has been accounted for theoretically, and the experimental

results are in good agreement with theory. In addition, we theoretically examined the

nondegenerate oscillations in an externally drivern Fabry-Perot cavity with an intracavity

phase-conjugate element under this contract.

1.3 Progress Summary

Many areas of significant progress achieved under this contract are directly

related to coherently coupled phase conjugators and their applications to inertial

sensing. These include:

Formulation of a simple theory for nondegenerate oscillation in DPCO that

explains the operation of a linear position sensor and a phase-conjugate gyro.
• First experimental observation of oscillation in a self-pumped DPCRO.
* First experimental observation of oscillation in an externally pumped DPCRO.
• First experimental measurement of the beat frequency due to a nonreciprocal

phase shift in an externally pumped DPCRO.
0 Fir;t experimental study of the effects of incoherent contradirectional

coupling on the beat frequency of an externally pumped DPCRO.
0 First theoretical modeling of frequency locking due to a coherent seed beam in

a photorefractive PCRO with nonreciprocal phase shift.
* First experimental measurements of frequency locking due to coherent seeding

in a photorefractive PCRO with nonreciprocal phase shift.

Theoretical formulation of the nondegenerate oscillations in an externally

driven Fabry-Perot cavity with an intracavity phas.e .on",,gate element.

Details of this progress are presented in Section 2.0, and in the publications included in

this report as Appendices.

1.4 Publications and Presentations

1. M.3. Rosker, R. Saxena, and 1. McMichael, WMeasurement of Frequency

Locking in Externally Seeded Phase-Conjugate Ring Gyroscopes," submitted to

Opt. Lett.
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2.0 PROGRESS

2.1 Theory of Nondegenerate Oscillation in a DPCO

Consider the linear oscillator formed by two phase-conjugate mirrors PCM a

and PCM b as shown in Fig. I. The roundtrip phase condition is given by,

4a - Ob + Aw L/c + Onr = 2ni (i)

where ta and Ob are the phase shifts for reflection from the phase conjugate mirrors a

and b respectively, Aw = wl " 2 is the frequency splitting between the counterpropagating

oscillations (note, if w! = We &w/2, where w0 is the pump wave frequency for the phase-

conjugate mirrors, then w2 = w0 - AW/2), L is the length of the resonator, and tnr is the

roundtrip nonreciprocal phase shift in the resonator. To gain some insight into how the

phase condition determines the frequencies of oscillation, we make three simplifying

assumptions. First we assume the case of weak coupling for which the phase of the phase

conjugate reflection is given by6,7

33 =41 + 2"-44•+ i/ 2* +An +g (2)

where #1 and $2 are the phases of the pumping waves, #4 is the phase of the incident

wave, #an is the phase of the complex change in index, and s is the phase shift of the

grating with respect to the intensity pattern. Second, we assume that the frequency

shift is small so that *g 9 ag0Aw 1/2, where *go is the phase shift of the grating in the

absence o, any frequency shift, and i is the response time of the phase-conjugate

mirror. Third, we assume the phase-conjugate mirrors are identical, or the same, so that

#a - 4b = $ga - 4gb a Aw 1. Substituting into Eq. (1) we obtain the frequency splitting of

the zeroth order counterpropagating modes,

#w= nr/( 6 L/C). (3)

Equation (3) shows that the beat frequency is directly proportional to the nonreciprocal

phase shift in the DPCO, the constant of proportionality being inversely proportional to

the response titke of the PCM and the cavity round trip time.

5
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PCM a PCM b

Fig. I Double phase-conjugate oscillator (DPCO) formed by two phase-conjugate
mirrors PCMa and PCMb.

2.2 Observation of Beat Frequency in a Self-Pumped DPCRO

The experimental setup of our self-pumped DPCRO is shown in Fig. 2. Light

from an argon laser is incident on a BaTiO 3 crystal to form a self-pumped *Cat"

conjugator.9 The ring resonator is then formed by mirrors MI-M3 and the crystal.
Greater than unity phase-conjugate reflectivity via four-wave mixing in the crystal (the

incident light from the laser and its conjugate reflection provide the counterpropagating

pump waves) is the gain source for the bidirectional oscillations. The outputs from MI

were combined and beat on detector D. As predicted by Eq. (3), in the absence of any
nonreciprocal phase shift, the frequencies of the bidirectional oscillations are very nearly

degenerate, and we measured a beat frequency - I0"13 Hz. When a Faraday cell was

placed in the oscillator to produce a nonreciprocal phase shift, the bidirectional

oscillations became nondegenerate, and we measured a beat frequency - 0.2 Hz. The
qualitative dependence of the fringe motion at detector D on the magnitude and

direction of the magnetic field applied to the Faraday cell agrees with the theory.

2.3 Observation of Beat Frequcxry in an Externally Pumped DPCRO

Using the experimental setup shown in Fig. 3, we demonstrated the ability of

the double phase-conjugate ring oscillator to sense noureciprocal intracavivty phaw shifts ,

and investigated the feasibility of using the oscillator as a rotation Sensor. Light front an

argon ion laser with the intracavity etalon removed is split by BSI into two puump beams

that are then directed into a B5aTIO 3 crystal by mirrors MI-M) as shown. Greater than

unity phase-conjugate reflectivity via four-wave mixing in the crystal is the gain source

for the bidirectional oscillation in the ring iormned by the PCM and mirrors M4-M6. The

6
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SB

D

i ~CELL

ý/4

M2

Fig. 2 Experimental setup of the self-pumped DPCRO.

Faraday cell in the osci'I tot is ued to produce a nonrwe-ciprocal phase shift, as would be

produced by the Sagnac effect if the cavit, were rotated. When a nonreciprocal phase

shift is inside the ring cavity, the counterpropagating beams no longer have the same

frequency, and a beat frequency proportional to the noneciptocal phase shift can be

detected in the combined outputs at BS2. 'e measured a beat frequency - 103 Hz in the

absence of any no-reciprocal phase sthft, and a beat frequency - 0.2 Hz was measured ir

its presence. Also, the beat frequency had the expiýcted linear depetdence on the non-

reciprocal phase shift induced by the Faraday rotlator ititd the ring osc'l,•to.V, as ShOwn

in Fig. 4. tn this plot the noareciprocal phase shaft (t•,) htas been expressed in tertis of

the bias frequency (av) that the Faraday rotator would introduc•e between the

counterpropagatiag beams of a standard rin, lase gyro. Dut to the slo reo nsg e of the

WitO 3 crystal the sensitivity of the ring oscillator is scaled down by a factor of L/(ct),

where L is the perimeter and length of the ring resonator and i u, the response time of

the photorefractive PCM.

2
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M2

Faraday 
' 4 sr

Cell [-. Ar +Laser]

X./ A BSI

M M 
BaTiO3M 7 6• M4

BS2

Fig. 3 Experimental arrangement used to examine the beat frequency in an externally
pumped DPCRO.

0.4

> 0.2

a) 0.0

LL -0.2

-0.4

-70 0 70

Bias Frequency Difference (MHz)

Fig. 4 Beat frequency between the counterpropagating oscillations as a function of
bias frequency introduced by the Faraday rotator.

2.4 Frequency Locking in a Ring Phase-Conjugate Gyro

The rotation sensing ability of a conventional ring laser gyroscope is limited by
the onset of frequency locking (zero beat frequency) at low rotation rates. This happens

due to coupling of the otherwise independent counterpropagating laser oscillations by

backscattering from, for example, the mirror surfaces and gain medium. 9  A ring

8
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i resonator containing a phase conjugate mirror with gain can also act as an optical

gyroscope, with improved locking characteristics.•'5 We have studied the frequency

locking behavior of a ring phase conjugate optical gyroscope both theoretically and

experimentally. The phase-conjugate mirror is a photorefractive crystal that phase
conjugates an input beam via four-wave mixing.10 The dynamics of beam coupling in the

medium are described by the coupled-wave equations for the beam amplitudes, and an

equation for the temporal buildup of the photorefractive grating. We use boundary

conditions appropriate for a ring cavity with nonreciprocal phase shift, and use nonzero

values for a weak seed beam at pump frequency, injected into the oscillator along the

same direction as the phase conjugate output.

The frequency difference between the counterpropagating waves is studied as

a function of the seed intensity and the nonreciprocal phase shift using the experimental

geometry shown in Fig. 5. The experimentally observed behavior of the beat frequency

with time at 20° nonreciprocal phase shift and for various seed powers is shown in

Fig. 6. In each case, seed light was Iirst introduced into the cavity at time t -- 0. At the

lowest injection levels, the beat behavior was sinusoidal and was almost indistinguishable

from the no seed case. As the seed level was inc. •sed, significant deviation from

simple sinusoidal behavior was seen. As the the •_=d level was further increased,

complete frequency locking of the oscillator was observed at normalized seed level of
2 x 10-3) as evidenced by the lack of fringe motion shown in Fig. 6.

In Fig. 7, we plot the beat signal l(tn) as a function of normalized time tn at

various seed levels •, keeping the other parameters fixed at the following values: the

coupling strength ,rl is equal to 2, the product of the mirror reflectivilies in the ring
(= rl2 r22 • R) is 0.25 and the one-way nonreciprocal phase shift is 20°. For the case of

no seed (we take € = 10-12 for a self-starting process initiated by, say, quantum noise),

the grating takes some time to establish itself, and in this time the beat signal is

essentially due to the pump beam so that l(tn) - 1. Once a moving grating is built up in

the presence of the nonreciprocal phase shift in the ring) a sinusoidal oscillatory behavior
is obtained in the beat signal with a well-defined beat frequency (equal to 0.044 Hz) at

steady-state. We assume a photorefractive response time of 1 sec for the BaTiO3

crystal) which is appropriate for the pump intensity used in the experiment. As we

further increase the seed level) the instantaneous beat signal still exhibits a periodic

behavior) with an average beat frequency slightly less than the negligible seed case. The

9
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l2' 011R/2= 200, R=0.25

r.=10-1z

<
z

1.3x10'

40 80 120 160 200

NORMALIZED TIME t

Fig. 7 Theoretical plot of beat signals as a function of time for various seed levels.

turn-on time of the oscillatory behavior in the beat signal is faster with larger seeds,

with small departures from the perfectly sinusoidal shape. Both the period of oscillations

and their shape depend on the seed level intensity. At still higher seed levels, the beat

signal shows a sharp, asymmetric behavior, indicating that higher harmonics of beat

frequency are now present in the signal. At seed levels of 2 x 10"3 of the input pump

intensity, the zero beat frequency at steady-state shows that frequency locking has

occurred. The experimental results are in qualitative agreement with theory.

2.5 Theory of Phase Conjugate Oscillators with Nondegenerate Operation

Optical resonators containing a phase-conjugate element have been of great

interest during the last decade. For correction of intracavity aberration, the phase-

conjugate element is used as an end mirror of the optical resonator. Oscillation is

possible even without the conventional gain medium because of the parametric gain

provided by the phase-conjugate mirror at the expense of its pumping beams. We have

developed a theory for nondegenerate oscillations in a linear optical resonator with an

intracavity phase conjugate element (Fig. 8). The phase-conjugate element consists of a

nonlinear transpar'ent medium that is pumped externally by a pair of counterpropagating

laser beams of the same frequency w and intensity. A weak signal beam of slightly

different frequency w+6 is injected into the resonator along its axis. We calculate the

two reflection coefficients at the input mirror: one due to phase conjugation at

II
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frequency w-6; and the other due to coherent reflections from the second mirror at

frequency w+6. Similarly, we calculate the two transmission coefficients at the output

mirror corresponding to the two waves at w+6 and w-6 in the resonator. For the special

case of no conventional mirrors, the phase-conjugate oscillator reduces to a phase-

conjugate mirror, and our general formulation yields the results of previous

studies.' 1,12 Nondegenerate oscillation is now possible in the presence of large linear
gain or loss in the medium (Fig. 9).

SC-0368 ZS

PUMP
BEAM (co)

E1(i+8) ((0+8) (co + 8) G1 (W+8)

E2 (coW 8) - (o- 8) NONLINEAR MEDIUM

E +(o)+1) (+o+8)

Nc-8) G3 (w -8)

Z=O PUMP Z=R
CONVENTIONAL BEAM (w) CONVENTIONAL

MIRROR I MIRROR 2
Z =-a Z= I+b

Fig. 8 Basic geometry of linear phase-conjugate oscillator using nearly degenerate
four-wave mixing. In this case, the incident probe wave, whose frequency
w t 6 is slightly detuned from that of the pump waves (both at frequency w),
will result in a conjugate wave with an inverted frequency shift w 4 6. g is the
linear gain coefficient.

12
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gi = 4.32152
5x't = 0.13281

-J 4 -

0
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- I I '\

CL 2- s"• /•""' \ FS2 / IIf I \ I \ -\- j ' •/ \ I \, '-

I I Rp
if I,
II II

0 I I I I _
-3 -2 -1 0 1 2 3

NORMALIZED WAVELENGTH DETUNING

Fig. 9 Phase-conjugate power reflectivity R (solid curve) and coherent-power trans-
missivity Ts (dashed curve) versus Pnormalized wavelength detuning ' for
91 = 4.32152, 01 = 0.13281.
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ABSTRACT

Frequency locking in a photorefrctive phase-conjugate ring oscillator (PCRO) was

studied. For a seed beam coherent with the pump, frequency locking of the oscillator was

observed, but only at feedback levels two orders of magnitude greater than that required for

locking of a conventional ring laser gyroscope. At lower seed levels, higher harmonics of

the beat frequency were observed. No evidence of locking was found for a seed incoherent

with respect to the pump.

17
C I 1264iDD/ejw



01% Rockwell International

SC5538.FR Science Center

The first proposal for incorporating a four-wave mixing element into a rotational

sensing device was made by Diels and McMichael,1 who predicted that phase-conjugate

coupling in a ring laser gyroscope would allow for the use of homogeneously broadened

gain media and would lead to substantial reduction in the locking threshold. This

theoretical result was confirmed by other workers.2 In these studies, the four-wave mixing

element was a transparent Kerr medium with instantaneous response, so that the dynamics

of the fields in the ring was determined by the cavity round-trip time. For photorefractive

phase-conjugate gyroscopes, however, the dynamics is affected by the slow speed of the

material. In the first such study, the phase-conjugate ring oscillator (PCRO) was formed

by a photorefractive crystal and two appropriately oriented, highly reflective mirrors.34 .

Later studies verifed that the device acts as a phase-conjugate optical gyroscope,56 i.e., the

frequencies of the counterpropagating oscillations depend on the nonreciprocal, but not the

reciprocal, optical path length of the resonator. The phase-conjugate nature of the

counterpropagating waves in the ring eliminate the dependence on reciprocal phase shifts

arising from thermal or mechanical effects.

Despite the interest in the photorefractive phase-conjugate ring oscillator, a number

of issues remain unexplored. For example, frequency locking has not been considered,

either theoretically or experimentally. The only previous study of the effects of injection of

seed light into a photorefractive PCRO was performed by Kr6likowski et al..? who applied

a strong electric field to the photorefractive nedium, a strotium barium niobatc cryst, in

order to shift the free-oscillation frequency from the pump frequency. A coherent seed

beam at pump frequency was introduced in the oscillator in a direction counterpropagating

to the pump beam. For seed/pump intensity ratios on the order of 10"3O the time behavior

on the output intensity from the oscillator was in some instances observed to exhibit strong.

non-sinusoidal oscillations. However, in other cases the intensity varied erratically.

suggesting chaotic behavior.
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We have performed an investigation of the frequency locking characteristics of a

photorefractive PCRO using the experiment arrangement shown in Fig. 1. The oscillator

was pumped by 5 mW of p-polarized light from a CW Ar+ laser at 514.5 nm. The Ar+

laser, which had a coherence length of - 5 cm, was separated from the experiment by a

Faraday isolator. The BaTiO3 crystal was 6.5 mm in length and was oriented with its +c

axis at approximately a 600 angle to the pump beam. The resonator was formed by the

crystal and two high reflective mirrors and was determined by a pair of - I mm diameter

apertures. The angle formed by the input and output pump beams was approximately 280.

One of the mirrors in the ring was 5% transmissive to provide for output coupling, which

allowed for a simple way to inject the seed (through the photorefractive crystal). The cavity

had an overall length of 1. - 90 cm and enclosed an area of A - 300 cm2. A non-reciprocal

phase shift simulating that induced by the Sagnac effect was generated with a pair of )J4

retardation plates and a Faraday rotator. The rotation angle was continuously tunable by

translation of the Faraday crystal in the magnetic field. Before each data set. this rotation

angle was measured in situ.

The seed light was produced via mutually pumped phase conjugation (MPPC) in a

bird-wing conjugator.' MPPC was utilized to insure that the seed was collinearly aligned

with the oscillation beam. Because the ratio of the seed to the pump was so small, this

alignment would have been extremely diffictlt to achieve had a simple mirror been used in

plac-e of the conjugator. A fraction of the pump beam was split off to provide one input for

the bird-wing conjugator. while the other input was the pump output from the phase

conjugate oscillator. The VPPC crystal was also BaTiO3 and had a length of 5.8 rmm. To

optimize the phase conjugate reflectivity, the input beams were loosely focused into the

MPPC crystal. A pair of matched. vaiiable neutral density flters was used to controlled the

seed injection power (i.e.. the relevant phase conjugate return from the MPPC crystal)

while keeping the ratio of the input intensities to the MPC crystal nearly constant.
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An optical delay fine was used to control the mutual coherence of the pump and the

seed light. For those experiments where the seed and pump were intended to be

incoherent, the delay line was adjusted by roughly 30 cm, a distance longer than the

coherence length the pump source but shorter than the cavity length L.

The beat frequency between the pump and the phase conjugate wave which builds

in the oscillator in the presence of a nonreciprocal phase shift was measured by overlapping

the two counterpropagating directions (with appropriate relative delay) onto two

photodiodes. The photodiodes were positioned 900 out of phase with one another so that

the direction of the fringe motion could be inferred. A third photodiode monitored the

intensity level in the phase conjugate direction, while a fourth was used to measure the

injected seed power.

As an initial check, the seed arm was blocked and the beat frequency was measured

as a function of the applied non-reciprocal phase shift. The expected linear dependence

was observed over a wide range of range of non-reciprocal phase shifts. "Dancing modes"

behavior6 was not a limitation, although for large applied phase shifts we did (in a few

instances) observe an abrupt change in the mode pattern, phase conjugate efficiency. and

beat frequency. The null shift, which is the beat frequency measured for no applied non-

reciprocal phase shift, was observed to be small and fairly repeatable. We atuibutc our

differences from Ref. 161 to the fact that our resonator was physically larger and more well-

defined (by the two apertures) and because we did not tightly focus into the phoiorefr4civ-c

crystal.

Beat frequency measurements -ee made with a variable amount of seed light

which was coherent with respect to the pump soun.i. Data was collected by measuring the

frequency shift bet aen the counterproaating directions at differem seed injrction kvels

at each of several nonr-mcipcal phase shifts•. Typical raiw results obtned at one panicuil

non-reciprocal phase shift level are shown in Fig. 2. At the lowe€ ; injection levels, the beat

signal was sinusoidal and was almest indistinguishabie fr- it c no seed case, l10-AVf.
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as the seed level was increased, significant deviation from simple sinusoidal behavior was

seen. This behavior resembles that reported in Ref. (71 for the phase-conjugate intensity;

however, our data was apparently much more reproducible. The phase-conjugate

reflectivity was observed to oscillate similarly. As the the seed level was further increased,

complete frequency locking of the oscillator was observed. To verify that locking had

occurred, data was collected for hours; the motion of the fringe oatterns over these periods

was slow and erratic and was attributed to thermal drift of the interferometer.

For no seed, the power spectrum of the data consisted of a single peak at the beat

frequency. As the seed level was increased, a series of additional spikes was observed at

frequencies which were integer multiples of that of the srongest peak, with amplitudes that

displayed a power law dependence with harmonic number (Fig. 3). As the seed level was

increased, the slope of this fit decreased. Locking occurred abruptly after :his coefficient

dropped below about 10 dBiharmonic.

We also measured the dependence of the beat frequency on seed level for several

fixed non-reciprocal phase shifts. The beat frequency was essentially unaffected by a weak

seed, but then dropped gradually to zero (locking) as the seed level was increased (Fig. 4).

As expected, the locking threshold became greater as the non-reciprocal phase shift

iarmased.

Direct comparion of these results with that of a conventional ring laser gyrosope

(RLG) is complicated by the unfavorable scale factor of the PCRO. which results from the

long time constant of the photorefrzwtive crystal. From Fig. 4. a V applied non-re'iprocal

phase shift (in each direction) was shown to lock for seed levels of R - 3 i 10-4. Given the

area subtcnded by this pwacular gyrosope. this phase shift is equivalent to that produced

via the Sagnac effect with an fl = 36 md/sw rate of rotation. A conventional gyroscope

would be expectod to lock according to the relation:
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c rqh-8 A()

where III is the locking frequency, r is the amplitude scatter coefficient, and A is the area

enclosed by the cavity.9 Taking Qi = 36 rad/sec, a similar RLG would therefore lock for

with a scatter reflectivity R = t r 12 > 3 x 10-2. The PCRO was therefore measured to have

a locking threshold two orders of magnitude smaller than that of the RLG.W0

These experiment were repeated using a seed beam which was incoherent with

respect to the pump light to test the sensitivity of the gyroscope to scattering from cavity

elements more than one coherence length away from the phase-conjugate crystal, e.g., the

cavity mirrors and the Faraday rotator apparatus. No difference in the fringe pattern

whatsoever was observed compared to the no-seed case, even for relative seed powers as

high as -3 x 10-3, an order of magnitude greater power than that at which locking was

observed for the coherent seed case. However, the phase-conjugate intensity displayed

erratic transient behavior reminiscent of that observed in Ref. [7].

In conclusion, we have observed frequency locking behavior in a photorefractive

phase-conjugate ring oscillator when a weak seed, coherent with respect to the pump, is

injected into the oscillator. Locking thresholds were found to be significantly more

favorable than those expected for a similar conventional RLG. For intermediate power

levels, the beat signal displayed curious harmonic structure. This behavior provides insight

into the locking mechanism for the PCRO, which we believe to be related to the

development of competing gratings in the phase conjugate crystal."1 The PCRO was

determined to be relatively insensitive to incoherent optical feedback.

This work was sponsored by Air Force Office of Scientific Research, contract No.

F49620-88-C-0023.
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FIGURE CAPTIONS

Fig. 1: The experimental schematic. Key: ND = neutral density filter, L = lens, PH

pinhole, PD = photodiode, FC = Faraday crystal, X/4 = quarter wave retardation plate,

ODL = optical delay line. The ODL determines the relative coherence of the pump and seed

beams.

Fig. 2: Beat signal as a function of time for the case of coherent seed injection. The

injected seed power normalized by the pump power was: (a) 0, (b) 2 x 10O4 (c) 7 x 10 -4,

(d) 1.2 x 1iO3, and (e) 2.0 x 10-3. In each case, the seed light was first introduced into the

cavity at approximately time t = 0.

Fig. 3: A typical power spectrum for the coherent seed experiment. The dashed line.

represents a fit of the peak maxima to a straight line, with a slope of -18.5 dB/harmonic.

Fig. 4: Beat frequency vs. seed level for several values of non-reciprocal phase shift. The

beat frequency was taken to be the value of the lowest frequency harmonic of the power

spectrum. The solid lines are guides to the eye.
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ABSTRACT

The frequencies of the counterpropagating waves in a photorefractive phase-

conjugate ring oscillator depend on the nonreciprocal optical path length. We examine the

frequency locking behavior when a weak seed beam is injected into the oscillator. For a

given coupling strength and mnirror reflectivity. the nonreciprocal phase shift at which

locking occurs is directly proportional to the field strength of the coherent seed beam.

Higher hafrionics of the beat frequency occur at seed levels close to locking And arc

accounted for qualitatively,
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1. INTRODUCTION

The optical gyroscope is now established as a practical device for rotation

sensing.[Chow, 1985 #463],[Anderson, 1986 #459] The two principal configurations are

the ring laser gyroscope and the fiber optic gyroscope. Although these devices are compact

and exhibit impressive performance, a number of practical problems remain. A primary

limitation for conventional ring laser gyroscopes is frequency locking behavior, wherein

weak backscattering couples together the counterpropagating laser oscillations. At low

rotation rates, the beat frequency disappears and there is a strong imbalance between the

amplitudes of the counterpropagating waves.[Kihlke, 1979 #535] For this reason,

homogeneously broadened gain media cannot be used in the ring due to strong coupling of

the counterpropagating waves in the gain media. At present, the primary limitation

associated with fiber optic gyroscopes is caused by non-reciprocal phase shifts in the

fiber.[Bergh, 1984 #464],[Kersey, 1989 #465] Mechanisms involved include Faraday

rotation, the Kerr effect, and polarization mode coupling.

The frust proposal for incorporating a four-wave mixing element into a rotational

sensing device was made by Diels and McMichael in 1981.[Diels, 1981 #4511 It was

predicted that phase-conjugate coupling in a ring laser gyro would allow for the use of

homogeneously broadened gain media and would lead to substantial reduction in the

locking threshold. This theoretical result was confirmed by other workers (Yeh, 1983

#4481. In these studies, the four-wave mixing element was a transparent Kerr medium

with instantaneous response. so that the dynamics of the fields in the rihg was determined

by the cavity round-trip time. For photorefractive phase-conjugate gyroscopes, we expect

the dynamnics to be affected by the slow speed of the material. In the first such study, the

phase-conjugatc ring oscillator (PCRO) was formed by a photorefractivc crystal and two

appropriately oriented, highly reflective mirrors.lCronin-Goomnb. 1983 #4621. ICronin-

Golomb, 1984 #1001. Later studies verified that the device acts as a phasc-.onjugatc
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optical gyroscope (Fischer, 1985 #447], [Jiang, 1987 #4671, i.e., the frequencies of the

counterpropagating waves depend on the nonreciprocal, but not the reciprocal, optical path

length of the resonator. The phase-conjugate nature of the counterpropagating waves in the

ring eliminate the dependence on reciprocal phase shifts arising from thermal or mechanical

effects.

Photorefractive phase-conjugate fiber-optic gyros using the interferometer

configuration have also been demonstrated. [Yeh, 1986 #396] The sensing fibers can be

longer than the coherence length of the laser for the self-pumped phase-conjugate fiber-

optic gyro.(McMichael, 1986 #458] Multimode fibers can also be used in the gyro if the

polarization is preserved during phase conjugation.[McMichael, 1987 #5401

Despite the interest in the photorefractive phase-conjugate ring oscillator, a number

of issues remain unexplored. For example, frequency locking has not been considered

theoretically or experimentally. Furthermore, the theoretical work done to date was in the

steady-state, and no attempt has been made to force the phase of the oscillations via external

seeding. The only previous study of the effects of injection of seed light into a

photorefractive PCRO was performed by Kr6likowski et al.[Kr6likowski, 1990 #453] In

their work, a strong electric field was applied to the photorefractive medium, a strontium

barium niobate crystal, in order to shift the free-oscillation frequency from the pump

frequency. A coherent seed beam at pump frequency was introduced in the oscillator in a

direction counterpropagating to the pump beam. For seed/pump ratios on the order of 10"3,

the time behavior on the output intensity from the oscillator was in sonm instances observed

to exhibit strong. non.sinusoidal oscillations. However. in other cases the intensity varied

enatically. suggesting chaotic behavior.

We describe our investigation of the frequency locking characteristics for the

photorcfractive PCRO. A preliminary account of some of our experimental results was

reported carlicr.lM. J. Roskcr ct al., 19911 A weak seed beam is injected into the oscillator

in the direction counterpropagating to the pwnp beam. 1he injected signal has the same
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frequency as the pump beam, and may be coherent or incoherent with the pump field to

simulate scatter attributed to the phase conjugate and conventional mirrors, respectively.

The beat frequency between the counterpropagating waves is studied as a function of the

the non-reciprocal phase shift for various values of seeding level, coupling strength or

losses in the ring. The experimental results are shown to be in good agreement with

theory.

2. THEORY

2.1 Formulation

The geometry for the nonlinear interaction responsible for PCRO is shown in Fig.

I, where we have used the notation introduced in Refs. [Cronin-Golomb, 1983

#462],[Cronin-Golomb, 1984 #100],[Fischer, 1985 #4471,[iiang, 1987 #4671 for the

various beams. A pump beam at frequency co (labelled as beam 2 in figure 1) is incident on

a photorefractive crystal. Light transmitted through the crystal is directed into a ring by

mirrors r, and r2 and returns to the crystal as beam 4. At large coupling strengths, an

oscillation beam is self-generated in the photorefractive crystal (labelled as beam 3 in figure

1) in a direction counterpropagating to the pump beam, and the transmitted beam 3 is

directed back to the crystal as beam I by the mirrors of the ring oscillator. Since the

scattered light is coherent with the pump beam, a transmission index grating is induced by

the interference of these two beams. The c-axis of the crystal is oriented so that beam 3 is

amplified by two-beam coupling from the pump beam 2. Similarly. beams I and 4. whieh

have the same optical path in the ring, create a transmission grating with the same

wavevector, with amplification of beam I from beam 4 by two- beam coupling. Reflection

gratings are climinated by using a laser with short coherecev length. The exr-"ally seeded

cast is described by nonzero amplitude of beam 3 at the z =I plane of the photorefractive

crystal. The dynamic coupling of the four waves in photorefractive media is dc-ribod by
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the four-wave mixing (FWM) equations for the complex beam amplitudes, accompanied by

an equation describing the time evolution of the index grating:[Cronin-Golomb, 1984

#1001

= GIA 4

-zz =GI A!3

aA3
f = -GIA 2

t)Gtu+ T- ( A, I, K4 + t2A

In Eqs. (1), z, is the distance normalized with respect to the interaction length 1, the Z-axis

is taken normal to the surface of the medium, t. is the time normalized by the

photorcfractive response time, i. G is the complex amplitude of the photorefractive

grating, and Am is the complex electric field amplitude of the rn th beam. 10 is the total light
4

intensity equal to Y 1A,1t and y is the complex amplitude coupting constant that is equal to

Here n1 is the amplitudc and 0 is the phase of tho phoorefractivc index change.

2c cosO

0 is the angle nmdir by the beams with the z axis. In this paper, we consider charge

transport by diffusion oply, so that 0 = 900. and y is a real, positive quantity. Note that if

we put the time derivative equal to zero in the grating equation and substitute the steady-

state grating amplitudc in the coupcd wave equations, then we recover the farmliar I'WM

equations for sacdy-statc. [Cronin-Gokmib. 1984 8 1001with y replaced by - y.
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The first four equations describe the diffraction of the beams off a photorefractive

grating whose evolution with time is given by the last equation of (1). The time derivatives

in the field equations have been ignored because the cavity round trip time is of the order of

a few nanoseconds. This is much smaller than the response time of the photorefractive

medium, which is - 1 sec in BaTiO3 for moderate laser power. Hence a quasi-stationary

grating diffracts the waves, and the optical waves follow the temporal evolution of the

photorefractive grating adiabatically.[Kr6likowski, 1990 #4601 The time dependence of

two-wave mixing (Solymar, 1984 #4121,[Cronin-Golomb, 1987 #354],[Vachss, 1990

#5411 and four-wave mixing (Kr6likowski, 1990 #460]. [Bledowski, 1989 #472] in

photorefractive media has been studied before. Its application to optical resonators with

external feedback and an injected signal [Weiss, 1989 #542][Linin~er. 1990 #5431 has

been examined in ring resonators with two-wave mixing gain only.

We now consider the introduction of a nonreciprocal phase shift equal to O / 2 for

single pass round the ring cavity. In the absence of the seed beam, the self-generated

oscillation beam will have a frequency different from that of the pump beam. For large

coupling strength -i and small nonreciprocal phase shift ONt, the frequency difference 8

between the pump and the oscillation beam is linearly proportional to the nonreciprocal

phase shift 40N.[Fischer, 1985 #4471[Jiang. 1987 #4671 For a seeded PCRO. two index

gratings grow initially: one is the usual moving grating at frequency 8 induced by the pump

and the self-oscillation beam and ,lc additional grating is the stationary grating induced by

the pump and the coherent seed beam. since both fields are at frequency ai Readout of the

stationary grating by the self-oscillation beam. and the moving grating by the seed beam.

will generate new fields at frequencies wi 6 and W -6 respectively in the direction of the

pumrp beam. Further interference betwen the newly genmrated ficl at w - 8 and the sclf-

oscillation bean at w. + 6 -ill induce a grating at 26 and so on. S•tue the higher amnonics

ame detentined by higher orders of the dil umactio effikiency of the grating. a quantity that is

always less than unity, the power of the various haronmics is expected to decrease with
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increasing harmonic number. Note that in the absence of the seed, or if the seed is

incoherent with the pump beam, there is only a single moving grating induced by the

interference of the pump beam with the self-oscillation beam. Each wave diffracts into the

other direction with the right amount of Doppler shift, so that no new waves are generated

by readout; hence in this case, there is only one fundamental beat frequency in the PCRO.

The number of grating harmonics actually generated in the seeded PCRO will depend on

the level of seeding and the nonreciprocal phase shift present in the ring.

In order to account for the optical waves at frequencies (o + n8 in either direction,

where n = 0, + 1, + 2,... and 8 - 1 Hz for photorefractive crystals, we recall that in

deriving Eqs. (1), the fast time dependence of the complex wave amplitudes Ai at the

optical frequency co was already factored out. Due to buildup of the complex

photorefractive index grating, the wave amplitudes are now slowly varying with time, thus

allowing for the possibility of each wave in a given direction to be a superposition of plane

waves at frequencies differing by multiples of 8:

1 ei'kmr- c) e-i& e-2i~t
Em(r,t) I Am(z) eim - on [ e + +e + ...] + c.c.

1 i(km-r - wot ) +CC

= A A(z,t) e+ c.c. , m= 1 to4 (2)

where we have assumed that the wave vectors for the various harmonics are the same for a

given wave. This approximation is valid since 8 is of the order of a few Hz in

photorefractive crystals, and the power of the various harmonics rapidly falls with

increasing harmonic number.

We start with the boundary conditions of zero grating present initially, so ,hat the

pump field (normalized to unity) and the small seed value , assumed for the seed intensity

are uniform throughout the crystal:
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G(z, tn = 0) =0

A2(Zn = 1, tn) = 1

A3(zn = I, tn ) =
A I(zn =0, tn 0) = rjr 2 e'•NO "/E

A4(Zn 0, tn 0 )rr2 e-iONR (3)

Here, ri is the amplitude reflection coefficient of the ith mirror in the ring and we have

neglected the cavity-induced nonreciprocal phase shifts equal to ( n 8 L ) / c, where L is the

optical path length in the ring cavity. With 90 cm as a typical value of L in the experiments,

8 of the order of a few Hertz and only a few harmonics contributing to the process (no

more than 8 harmonics were observed experimentally) , the corresponding phase shift is

indeed small. When specifying the initial value of the time variable for fields 1 and 4, we

have ignored the time taken by beams 3 and 2 to propagate round the ring cavity and return

to the photorefractive crystal, so that on the photorefractive time-scale, the transmitted

beams return instantaneously to the crystal.[Lininger, 1990 #543] As the grating builds up

at subsequent times, the transmitted intensity of the pump and seed beams will change with

time due to diffraction of one beam in the direction of the other. Hence the boundary

conditions for fields 1 and 4 become time-varying:

Al(zn = 0, tn ) = rjr 2 e i'NR/ 2 A3(z, = 0, t,

A 4(zn = 0, tn ) = rr 2 eCNR1 2 A2 (zn = 0, tn (4)

We directly integrate the five nonlinear, coupled equations (1) numerically, following the

procedure used in Refs. [Kr6likowski, 1990 #460]. Due to the form of these equations,

the spatial and temporal integrations can be separated; the FWM equations can be regarded

as diffraction of waves by a quasi-stationary grating, so that only spatial integration is
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required of these equations, while the grating equation involves temporal integration at each

point in space. Furthermore, the four coupled optical wave equations can be divided into

two sets of coupled equations, one for beam pair A, and A4, and the other for beams A2

and A3 .[Kr6likowski, 1990 #460] The first set satisfies boundary conditions at zn= 0,

while the second set satisfies boundary conditions at zn = 1. Hence for a known grating

amplitude at an instant of time tn, we may solve each set of coupled differential equations as

an initial value problem. Thus, the problem of solving coupled differential equations with

two-point boundary values is avoided. From the boundary conditions (3), there is no

initial grating, so that the fields are uniform throughout the medium. Substituting the

uniform fields in the grating equation, we calculate the new local grating at a small

increment of time Atn. From the first four equations of (1), the new grating causes an

energy exchange between the waves, which in turn modifies the interference pattern that

drives the grating, and so on until a steady-state is reached in time. In the experiment

described in Section 3, the beat signal is obtained by combining the counterpropagating

fields A2 and A3 from the ring:

I(tn) = IA2(zn=0,tn) + A3(zn=0,tn)1 2  (5)

We will now present some numerical plots of the beat signal and examine the conditions for

frequency locking.

2.2 Numerical Simulations

In Fig. 2, we plot the beat signal 1(t) as a function of normalized time tn at various

seed levels E, keeping the other parameters fixed at the following values: the coupling

strength yl is equal to 2, the product of the rnirror reflectivities in the ring ( = r, 2 r2
2 M R) is

0.25 and the one-way nonreciprocal phase shift ( = ONR / 2 ) is 200. For the case of no

seed ( we take c = 10.12 for a self-starting process initiated by, say, quantum noise), the
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grating takes some time to establish itself, and in this time the beat signal is essentially due

to the pump beam so that I(t6) = 1. Once a moving grating is built up in the presence of the

nonreciprocal phase shift in the ring, a sinusoidal oscillatory behavior is obtained in the

beat signal with a well defined beat frequency (equal to 0.044 Hz) at steady-state. We

assume a photorefractive response time of 1 sec for the BaTiO3 crystal, which is

appropriate for the pump intensity used in the experiment. As we further increase the seed

level, the instantaneous beat signal still exhibits a periodic behavior, with an average beat

frequency slightly less than the zero seed case. The turn-on time of the oscillatory behavior

in the beat signal is faster with larger seeds, with small departures from the perfectly

sinusoidal shape. Both the period of oscillations and the shape of the beat signal depend on

the seed level intensity. At still higher seed levels, the beat signal shows a sharp,

asymmetric behavior, indicating that there are higher harmonics of beat frequency now

present in the signal. At seed levels of 2 x 10-3 of the input pump intensity, the beat

frequency at steady-state is zero, showing that frequency locking has occurred.

Fig. 3 shows power spectrum analysis of the nonsinusoidal beat signal at a seed

level of c = 1.3 x 10"3, the other parameters remaining the same as in Fig. 2. The power

spectrum consists of several peaks at frequencies that are integral multiples of 5. The

number of harmonics of the beat frequency actually generated in the PCRO and their

relative amplitudes will depend on the level of seeding and the nonreciprocal phase shift

present in the ring. Fig. 4 shows the amplitude of the various harmonics as a function of

the harmonic number. The amplitudes fall linearly with increasing harmonic number, and a

fit to the points shows a slope of- 19.2 dB per harmonic.

Fig. 5 shows the average beat frequency as a function of the nonreciprocal phase

shift in the ring for various coupling strengths. The seed intensity is kept fixed at c = 10-4,

the combined mirror reflectivity of the ring is taken to be 25 %, and photorefractive

response time is taken to be I sec. Higher coupling yields a larger beat frequency, and the

dependence of beat frequency on nonreciprocal phase shift is no longer linear at strong
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coupling. A qualitatively similar behavior is obtained by varying losses in the ring for a

fixed coupling strength (see Fig. 6). Smaller losses in the ring yield higher beat frequency

accompanied with nonlinear dependence of the average beat frequency on the nonreciprocal

phase shift.

Fig. 7 shows the average beat frequency as a function of the nonreciprocal phase

shift in the ring at various seeding levels. As the seed level is increased, the range of

nonreciprocal phase shift values for which beat frequency is zero increases. In fact, the

nonreciprocal phase shift at which locking occurs is directly proportional to square-root of

the seed level intensity: ONR,.ock - ýC, similar to the result for classical ring laser

gyro.[Aronowitz, 1971 #534] Hence for the two curves showing locking in the figure, the

ratio of nonreciprocal phase shifts at locking (10.46 and 7.4 degrees) is approximately

equal to 42, the ratio of the seed amplitudes for the two curves.

3. EXPERIMENT

3.1 Technique

The experimental arrangement is shown in Fig. &A. The oscillator was pumped by

5 mW of light from a CW Ar4" laser at 5145 A with a coherence length of - 5 cm. The

pump was linearly polarized in the p-direction. The Art laser was separated from the

experiment by a Faraday isolator. The BaTi0 3 crystal was 6.5 mm in length and was

oriented with its +c axis at approximately a 60O angle to the pump beam.

The resonator was formed by the crystal and two high reflective mirrors and was

determined by a pair of - 1 mm diameter apertures. The angle formed by the input and

output pump beams was approximately 280. One of the mirrors was 5% transmissive to

provide for output coupling. This arrangement allowed for a simple way to inject the seed.

The cavity had an overall length of approximately L - 90 cm and enclosed an area of about

A - 300 cm2 .
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The non-reciprocal phase shift was generated with a pair of V/4 retardation plates

and a Faraday rotator. The rotation angle was continuously tunable by translation of the

Faraday crystal in the magnetic field. Before each data set, this rotation angle was

measured in situ.

The seed light was produced via mutual pump phase conjugation (MPPC) in a bird-

wing conjugator.[Ewbank, 1988 #466] MPPC was utilized to insure that the seed was

collinearly aligned with the pump beam. Because the ratio of the seed to the pump was so

small, this alignment would have been extremely difficult to achieve had a simple mirror

been used in place of the conjugator. A fraction of the pump beam was split off to provide

one input for the bird-wing conjugator, while the other input was the pump output from the

phase conjugate oscillator. The MPPC crystal was also BaTiO 3 and had a length of 5.8

mm. To optimize the phase conjugate reflectivity, the input beams were loosely focussed

into the crystal. A pair of matched, variable neutral density filters was used to controlled

the seed injection power (i.e., the phase conjugate return from the MPPC crystal) while

keeping the ratio of the input intensities to the MPPC crystal nearly constant.

A delay line arrangement was used to insure that the pump and the seed pumps

were mutually coherent at the oscillator crystal. For those experiments where the seed and

pump were intended to be incoherent, the delay line was adjusted by roughly 30 cm, which

was much longer than the coherence length of the pump source but shorter than the cavity

length L.

The beat frequency between the pump and the phase conjugate wave which builds

in the oscillator was measured by overlapping the two counterpropagating directions (with

appropriate relative delay) onto two photodiodes (Diodes I and 2 in Fig. &A). The

photodiodes were positioned 900 out of phase with one another so that the direction of the

fringe motion could be inferred. Another photodiode (Diode 3) monitored the intensity

level in the phase conjugate direction, while a Diode 4 was used to measure the injected

seed power.
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3.1.1 Results obtained without seed

As an initial check, the seed arm was blocked and the beat frequency was measured

as a function of the applied non-reciprocal phase shift. The expected linear dependence

was observed over a wide range of range of phase shifts (Fig. &B). "Dancing modes"

behavior[Jiang, 1987 #467] was not a limitation, although for large applied phase shifts we

did in a few instances observe an abrupt change in the mode pattern, phase conjugate

efficiency, and beat frequency. In further contrast to Ref. (Jiang, 1987 #467], the null

shift we observed, which is the beat frequency measured for no applied non-reciprocal

phase shift, was both small and reasonably repeatable. We attribute our differences from

Ref. (Jiang, 1987 #467] to the fact that our resonator was physically larger and more well-

defined (by the two apertures) and because we did not tightly focus into the photorefractive

crystal.

3.1.2 Results with coherent seed

Beat frequency measurements were next made with a variable amount of seed light

which was coherent with respect to the pump source. In analogy to the locking mechanism

of conventional rotation sensors, this measurement tests the locking behavior of the device

when the scattering level from the phase-conjugate crystal is varied. Data was collected by

measuring the frequency shift between the counterpropagating directions at different seed

injection levels at each of several non-reciprocal phase shifts.

Typical raw results obtained at one particular non-reciprocal phase shift level are

shown in Fig. &C. At the lowest injection levels. the beat behavior was sinusoidal and

was almost indistinguishable from the no seed case (c.f. Figs. &Ca and &Cb). As the seed

level was increased (Figs. &Cc and &Cd). significant deviation from simple sinusoidal

behavior was seen. As discussed below, this behavior resembles that reported in Ref.

(Kr6likowfki. 1990 #453] for the phase-conjugate intensity; however, our data was

apparently much nmee reproducible. As the the seed level was further increased, complete
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frequency locking of the oscillator was observed, as evidenced by the lack of fringe motion

shown in Fig. &Ce. To verify that locking had occurred, data was collected for periods as

long as hours; the motion of the fringe patterns over these periods was slight and erratic

and was attributed to thermal drift of the interferometer.

As described earlier, we simultaneously monitored the phase-conjugate intensity

(Photodiode 3) and the seed injection level (Photodiode 4). For the "intermediate regime,"

where the beat frequency was non-sinusoidal in shape, the phase-conjugate intensity

showed similar anomalous behavior (Fig. &D). Occasionally, the seed injection level

varied slowly with time after the seed was unblocked. We believe that this behavior was

related to erasure mechanisms in the bird-wing conjugator and can be neglected here.

We performed power spectrum analysis of these fringe patterns. For no seed, the

power spectrum consisted of a single peak. As the seed level is increased, a series of

additional spikes was observed at frequencies which were intege.r multiples of that of the

strongest peak (for example, Fig. &E). For each data set, we observed that the amplitude

of these peaks displayed a power law dependence with harmonic number (e.g.. the linear

fit in Fig. &E). The relative amplitude of these harmonics increased with seed power. Fig.

&F shows the power law coefficient obtained from the data fits as a function of the relative

seed power. Locking generally occurred abruptly after this coefficient dropped below 10

WB/harmnonic.

We also measured the dependence of the beat frequency on seed level for several

fixed non-reciprocal phase shifts (Fig. &G). For those cases where more than one spcCMal

peak was observed, the beat frequency was taken to be the value of the lowest frequency

harmonic. For each non-reciprocal phase shift, the beat frequency was essentially

unaffected for a weak seed, but then dropped gradually to zero (locking) as the seed level

was incrreascd.

These results are expressed in a more meaningful manner in Fig &H. in which the

beat frequency is plotted as a function of non-reciprocal phase shift at various fived seed
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level. Note that Fig. &H was constructed by fitting the raw data of Fig. &G to an assumed

curve (an exponential). Deviation from the ideal linear behavior is apparent.

3.1.3 Results with Incoherent seed

These experiment were repeated using a seed beam which was incoherent with

respect to the pump light. Such a situation can be thought of as measuring the sensitivity of

the gyroscope to scattering from cavity elements more than one coherence length away

from the phase-conjugate crystal, i.e. the cavity mirrors and the Faraday rotator apparatus.

Typical results are shown in Fig. &H. No apparent difference in the fringe pattern

was observed whatsoever compared to the seed-free case, even for relative seed powers as

high as -3 x 10-3. This power, it should be noted, represents a value of at least an order of

magnitude greater than that at which higher order harmonics were first resolved in the

coherent seed case. However, the phase-conjugate intensity displayed erratic transient

behavior (Fig. &M) reminiscent of that observed by [Kr6likowski, 1990 #453].

4. DISCUSSION

Comparison of experiment and theory

If we compare the theoretical plots of the beat signal shown in Fig. 2 with the

experimentally observed behavior shown in Fig. 2 of Ref. (M. 3. Rosker et al.,

19911. we notice that though there is an asymmetric shape of the beat signals with

increasing seed level, the modulation of the beat signal is not reproduced exactly in the

theoretical curves. This is because of the simple expression for the beat signal ( see Eq.

(5)) that is assumed in calculating the theoretical curves; the rmflectivity / transmwiivity of

the various beamsplitters used for monitoriag the signal is not taken into account. For a

ionreciprocal phase shift ( = *N / 2 ) of 20'. the beat frequc•iy was zero for a seed level

of 2 x 10'3. which is identical to the experimentally measured seed/pump ratio for

frequenCcy locing.
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The amplitudes of the various harmonics fall linearly with increasing harmonic

number (see Fig. 4), and a fit to the points shows a slope of - 19.2 dB per harmonic. This

is in good agreement with the experimentally measured value of - 18.5 dB / harmonic

reported in Ref. [M. J. Rosker et al., 99I1Lfor the same set of parameters.

In trying to obtain theoretical curves that qualitatively agree with experimental data,

the parameters that can be adjusted are the coupling strength in the photorfractive crystal

and the losses in the ring. The experimentally observed behavior of beat frequency with

nonreciprocal phase shift is linear even for large nonreciprocal phase shifts of 30°. This

implies that the coupling strength must be small, otherwise Fig. 5 predicts a nonlinear

behavior of beat frequency 6 with nonreciprocal phase shift 4 NR for large coupling strength

Comparison with Kr6likowski

Phase coniurate intensity oscillates because of two-wave mixing!

Mechanism for locking

Higher ordcr gratings

Implications to rotation sensing

Comparison with conventional gv=sconS

Sc~ik faictor

S. CONCLUSION

REFERENCES

FIGURE CAPTIONS

Fig. 1: Gconxuy for the phoorchdaciv phas-conjugate ring o-illaUtr.
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Fig. 2: Beat signal from the ring as a function of normalized time for various seed

intensities. The coupling strength yl is equal to 2, the product of the mirror reflectivities in

the ring ( = R ) is 0.25 and the one-way nonreciprocal phase shift ( = ONR / 2 ) is 200.

Fig. 3: Power spectrum of the beat signal at seed level c = 1.3 x 10"3. The other

parameters are the same as in Fig. 2.

Fig. 4: Amplitude of the harmonics as a function of harmonic number. The parameter

values are the same as in Fig. 3.

Fig. 5: Average beat frequency as a function of the nonreciprocal phase shift for various

coupling strengths. E = 10-4, R = 0.25, and r = I sec.

Fig. 6: Average beat frequency as a function of the nonreciprocal phase shift for various

losses in the ring. c = 104 , 11 = 2, and x = I sec.

Fig. 7: Average beat frequency as a function of the nonreciprocal phase shift at varous

seed levels. yl = 2, R = 0.25, andr = I sec.

Fig. &A: The experimental schematic.

Fig. &B: Beat frequency as a function of non-reciprocal phase shift for the case of no

injected seed.

Fig. &C: Beat frequency as a function of non-reciprocal phase shift for the case of

coherent seed injection. The injected seed power normalized by the pump power was: (a)

0, (b) 2 x 104. (c) 7 x 104. (d) 1.2 x 10"3. and (e) 2.0 x 103. In each case. the seed light

was first introduced into the cavity at time t = 0.

Fig. &D: A typical measured fringe pattern, phase-conjugate rcflccfivity, and seed injection

level measured for the case of coherent seed injectiox. The nonmalized seed injection wa'.

Fig. &E: A typical powr spccuunm. The solid line rcprcscnts a fit of the pak tluxima to a

line.
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Fig. &F: Power law coefficient obtained from the data fits as a function of the relative seed

power. For seed injection levels below *, only one peak was resolvable in the power

spectrum. For seed injections above *, locking occurred.

Fig. &G: Beat frequency vs. seed level for several values of non-reciprocal phase shift.

Fig. &H: Beat frequency as a function of non-reciprocal phase shift for the case of

incoherent seed injection. The injected seed power normalized by the pump power was:

(a) 0 and (b) 7 x 104 . In the latter case, the seed light was first introduced into the cavity at

time t =0.

Fig. &l: Transient behavior reminiscent of that observed by (Kr6likowski, 1990 #453]

was recorded in the phase-conjugate intensity measurements (Fig. &M).
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V4 have developed a theory for riondepaenete, cicillations in optical resonators containting an intracavity
phase-conugate element. The phase-conjugate element consists of a nonlinear transparent medium that is
pumped externally by a pair of cotanterrpropagating laser beams of the same frequency and intensity Phase
conjugation of an input beam of slightly different frequency occurs because of nondegenerate four-wave mixing
The theory taltes into account linear absorption (or gain) in tOe medium and is applied to study the threshold
behavior of phas~e-conjugate oscillators. For the special case of no conventionail mirrors. the phase-conjugte
oscillator reduces to an ordinary phase-conjuate mirror, and our general frormulation yields the results of pre-
vious studies. Our analysis shows that the parametric gain required for oeillation increases (or decreases) as
a result of linear absorption (or gain) in the medium, and oscillation can occur at a firequecy different from
that of the pump beams in the presence of larg linear gain (or loessý The effects of linea absorption (or gai~n)
on the filter operation are also examined.

INTRODUCTION tered laser radiation may enter the resonator and undergo

Optical resoroators contain~ira a phase-cocijugate element parametric four-wave mixing with the oscillating beams.
havebee & ubjct f geatinteestandimprtace.For Although a few special cases of phase-corijugate oscilla-

coavrr e sbectio ofgra introaiyberestiandiprac. Fh hs- o rjgt tors have been studied, a general theory that includes non-
cormectionaos intrapaviey ab nendatirrn, o the p -optucatl deeert osilain is not available. In this paper the
elemeito. can b hee emplonedoasa n irr the ph - o pjgticale authors develop a genersol theory of phase-conjugate cecil-
mesoat i acsa nithee resdof mitor, (othenclea phasecngaete- latos by studying the prleni of wae-. propagation along
cenjugactsesauiu id mirror)htcmie (ofleteon caiedh phase, the axis of the resonator. The matrix method introduced
cougate mufiirror) thatcmines reflectvtion aith phesase in Ref. 6 is now extended to the case of nommdegenerate
fr efferna t Sufipenatyhighrfecn.teaeneesr four-wave mixing. The approach is general, so that many

In addition to their unique property of correcting wave- oftesuainsuddprvulycnkshwtob
front aberrations, these phase-coaju.gate elements can also special case in this formalim.
provide parametric gain and conjugate coupling between FORM ULATION OF THE PROBLEM
the ascillating beams. As a result of the parametric gain,
oscillation is possiblei even withbut the conventional gain Referring to Fig. 1. we consider a linear optical resonator
medium. Such oacitlations arc known as phase-cotojugate that consists of two partially reflecting mirrors and a
oscillations-' Recent theoetica analysis indicates that nonlinear medium that is pumped by a pair of external
the insertion of a phase-conjugate element inside a ring- lase beams of equal intensity. These two lase beams
lasr cavity results in a reduction of the lock-in threshold are couniterpropagating, and their frequeticy is 4o The
and reduces the imbalance between the amplitudes of the nonlinear medium provides linear ganasetinas well
OWpoitely directed traveling waves in soe ring-lase ".s as parametric gain by meanis of optical four-wave mixing
tem$.' In the extrmm case of phase-conjugate oscillation Wr -assume that the bandwidth of the lintear gain is sufti-
without conventioinall gain media. it is shown tht the ciently broad To investiate the general properties of
lock-in can be completely eliminated " The study of such a resonator, we must treat the problem of wave prepa-
these resonators is also important in understandingc the gatian along the axis of the resonato.

* s~tablty of laser oscillation in situations when backseat. Let the electric field of the waves be written as

(ti tp(-fik'd + a)) + t.exp(AlUd * O)D exp~iwit) *Jtiexp(-i4r'( * 0)) * tz exp4JAkz( * aDxaiI
* for: < -a

Eu- (at(:) txp(- A i:) * Atl:) exp~ck '01expaw it) * tJ4:) eapi - iI,) 0 Aries tX9kt.rieXFli-4i) forO 0 < 1.

It, exP - ikd: t 64 -bis* 6 exy~ik~t: - I - b)J) eXP(tw,1) * -~exPt -'A.4: M -

16, VapI4A~t: I bj) exp~wla~) for z > I &
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NONLINEAR PU BA M and

MIRWr IEi MRiROR r, 0 00

W+6z#) 0 exp(k424) 00E,-• --a A, g 0--, 0 *xps-ik#) j
IEa At--' G a o 0 0 exp(,,))
E A, 131 ----- G, (6)

E. - A, G, where #.= a. b. 1; r. and t, are the amplitude reflection
, ~and transmission coefficients, respectively, of the end
S~mirrors from the front surfaces (left sides). Tht matrices

0 F, and F, acount for the Frenel refletion and tnms-
a PUMP BEAM A, Ob sion at the mirrors, whereas the matrices S(a) and S(b)

Fig~. Bie eomtry*fl~arphas-cojugtio osilltio by account for the propagation through the bulk of the i~nearFig I Blli geOmet ry of linear phase-cor~ugtto liation by
mens *(neatarly depnt~rate four-wav* mixing. In.thiscaso. the region$l.
Incident prb wove. who" freque.ncy a, ± S is slighly dleuned In the nonlinear medium between z - 0 and z - 1, the

from that of the pump waves (both at fe ney w). wil reult in waves At a:sd A: and the pump beams are coupled by opti-
a conjugate wave with an invertedl frequncy w . , 1 is the tin- cal four-wavv mixing. The waves A, and A. and the

pump beams are similarly coupled. If we assume no
pump depletion or the waves As and A, to describe oscilla-
tion near threshold. then the amplitudes A,(0), A,(0),

where ,•1, .() (z). 6, and %3, are the complex am- A3(0), A,(0) and Al(l). A20). As(I). A.(1) will be shown to

phtudes of the plane waves traveling in the : direction be rela by

and Vs. %*. i::.2 n 6 r those of the plant waves MA-) [A,(O)1
traeling in the -z drection. A,, Az, k3. and A, are the A,*(|) A.(O)7
wave numbers that correspond to the frequencies w,,. . (7) (,
wl. "n w., respectively, where w, -w + S.1, =w -6aA )AsO

3a w,*..and, - w.. A..,,anddG, aretheplanewavs LAM)J LA4(0)J
corresponding to the complex amplitudes It.j 4. and 6. wher S(1) and A are 4 X 4 matrices. Using an approach
"( wa the le i th of the fo2r.wave m4x)nA interlatioe bean ; similar to that used in Ref. 6. we now determine the ma-

-a and I + bare the positions of the mirrors. and trix A.
9,,. &ad A. are functions of z because of the linear absorp- We derive this matrix by solving the coupled-mode equa-
tion-gain and wave coupling owing to four-wave mixing in tions for the fobr-wave knixine processes. As a restlt of
the norhiaear medium. The proWlem at hand is to derive faur-wave mixing, the input wave st, interacts with two

expressins for all the wave amplitudes for a given act of external pumping laser beams 41 and i,. and a phase-
bw4tdary co ition, ceugate wave atz is generated These two waves are re-

If the regtons between: z -and: - 0 and between latred by the couple-mode equation'-"

I , I and: z I * b &TV linear dielectric media, then tie d9t)

Wowing 0 inear relationships between the wave ampi- d,
tudes exist""-

A4 10)1 12 6 A,(t)l d_ *C-IA) 8
AtsO) j 1t A-: fohe the, af tI -s of waieyvs I xd" have beeft redefined

0 •, l I whr th aml tud , .•

[A)(0) E3.1  a '-~ A 1 A order to accnt for putl-kelueed phase 1M2dulattw/

.AJO)j A:.- G. [.') {.(w,2) ';I-t a" a W.e0S'' t the complex couphine
coeff Ietent, and in dcrtvttng Eqtp (5 we have assumed tha:t

where Mt, a"d At art! 4 A4 Ktatrfcev If we further w- the input wave antd i.t, conugate "mn aire tinall coiftprred
sutte that there h tt FrI ie~tw rcfleet~on at the surfiwez, ihtep01'bai Thctn pump &qeplt ton is neghgit~c.

(: 0 and : I ) of the M iatlrw~ Ifedium &an tun4' to- ani At, and jig may 66- retarded ai constatita, so that our
gvther anl thv refietiouz *t : -0 afu4 t I *&then theory deo'cllbel s.ngnrto osut~ationl near theac~hold
the Watruitv can b~e written at Not that, it the two pumps have tttfreieit tIatens$tuer

* tthen a.teots4 fuhtwio11 of : owing to the 11"t.tdital

At, ?S~&, 4) %ahat follow2 we "Ial araunte that the twef putttp-* hzke

with wneste . thzkt . t itutnepefihnt of * .5k
with A t - S A %he phase Mahtuath. and e h the lIIeLOW -tt

1 0 *Aturablte net gain. (IM li0%!o C%*efIet~ftt lo. order to i-

cqz (6) we intaftduce the aeth %a t1biei.,, and4 its
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In terms of the new variables, the coupled equattions (8) Similarly, we obtain the following matrix equation for
reduce to the waves s 3 and i6:

d rf() 'l P'xl fi"°)
d-Vt* - i .,oexp[-i(Ak - tg)zj, i.Q) - 1-X N' ~ 0)] (17)Ld [,(t) I Q'x N'. Aoj

d"02a- iX3"42" exp(i(Ak - ig):J. (10) where

z1

Solving the differential equations (10) in terms ofo a (0) M. - - exp(- i k/2)1[(a) - K c1 (P)1 ],
and a2(i), which are specified by boundary conditions, we
obtain N' - -exp( -i A /2),ae

al(l)- {It(O)s exp(i(.Ik + ig)1] - 2ixtoa2*(1) iP" - -- exp(-iAAI2fr2
4 SI".

x ePJ:(8(A* + ig)L} sinhis'/21,
q1 Q -•e,,(-i Akt2f,,'r' (¶

C2(0) - -•{-2is-a,*(0) sinh[s!/2] + a2U)s a(

X cxp(-I(.Ik - ig)JJ) In arriving at Eqs. (17) and (18), we assumed exactly
the same pumping, so that as 3 KI and X, 0 J- )By using

where Eqs. (15) and (17). we can now write the matrix K in

S - [-(.%k - il): - 4,KZ*•']. Eq (7):

D = - g AA~ksinhtsi/21 + s cosh~sl/21. (12) M PX 0 01

Firom Eqs. (9) and (11) we obtain the solutions in terms of K ( 1 9 )
the original variable!s: 0 0 " (9

i1 ~) - exp(Ia4k4/2) By using Eqs. (2)-(4) and (7). we can write the complex
9Qp itudes G,. G,. G,. G.. EL. Ez. E3. ad E.:

CXl•(() , 5 e Akt'21 iit' a0) ' (t0)], (13)

Gi F2SA bxI ~ r[j (20)
where

1 Equation (20) may aow be used to study the reflec-
tion and transmission properties of sueh a resonator. We

2 [1 €consider the moat tge al case. where ri r * 0.g P 0.
p 5- tls2a1 (14) a 0. and .1A 0 Usthn Eqi (5). (61 and (19) and

carryine but the muhttlteha~±ot inLi (20), we obtain
EquatIons (13; can be rewritten in matrtx uotat•• narw

r'<&I F, Fo_[x fox IV,. I-1 1
[1 1 [QX N 40 toi [X Y Pi F'. X E,

whe] G, Y. 1X Fz X rr.X F ~E.

where

1tMttq4-tA'(i all

i* N --- tliailt~l'ji) *e tli'lir:N ellll js t * * e•)].

-r -"'~'rapti 40t * b} &*,a)

S"I - 8 #lipt&.1A/2j.ili, tiG - ItIYtekti(-h~dt b)-•ali

and X is the deftntdeiiiutItd upetatitr. i * -g.*,M eap•-.hllI * &Z *

.XH H. wb-t t irbatriry Moai. -U,&a i' 3 X ry UUA * 8 * b
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Af't - t Q exp(ikh(l + b) + iki] where P, Q, P', Q'. M. N. M', and N' are given by Eqs. (16)
+ trr,,'Pexp(-iA2 (1 * 6) - ik,a], and (18).

The above oscillation condition depends on Ak, S. KI, ,s.
FP. - I,' exp(shks + b + a)) a. b, 1, rP, and rt. In what follows, we investigate the oscil-

* + t*rrM"eip( -4iA2 ( + b + a)], lation condtion by adjusting these parameters.
We now consider the case when there is only one input

Fu - -tf*rNeaxp(ik3(l + b + a)] wave. For the case ofincidence from the left on the mir-

- tj*rs,? exp(-iaj(! + b + a)], rot at z - -a, E, may be considered the incident wave,
with a frequency of & + A. If this is the only incident

F, =-trQ)+ ~lha] wave, thenl 3  0 at this mirror, while G, and G, are* ero
- tjrPexp(-A5(Z + b) - Ak:]. at the cond mirror. The wave E, at w - S is generated

as a result of the optical four-wave mixing. The wave E.
S- -t~r, Qexl~i,(1 + b) + ih~a] is produced by reflections off the second mirror at z -

- tarj*P'exp(-ikl(l + b) - skAa]. I + & The problem at hand is to derive expressions for
F= -It'r2Nexp(iA3(1 + b + a)] all the ouput waves E2. E.. GI, and '•, given an incident

F52  ~wave E, at . Us ting Eq. (21), vi obtan

- t•'rMexp(-ik•(1 + 6 + a)],

S- tbr+r:Nexp~ih:1 + 6. a)] G, - 0 = FiE,* + FiEa + F24E.:

+ t1'M'exp[-sAz(1 + b + a)]. 04 - 0 - F.,E, + F.E," * Fa.E.. (25)

FU tlrl'rz Q exp~ik (l + * + ik)a By eliminating E, we obtain the following expression for

+ tIrexp[-ikz(1 + b) - ikja], the pha -coaugate reflection coefficient:

FPu -,r,3M expt-ikt(t + b + a)] r, --- FIF3F -& FZF., (26)

- brt'V'exp(i(d + b + *)]. EV FuF4' - FuF.:

F.2 - -t~rrP exp(-i5d1( + b) - i*20] while the phase-conjugate power reflectivity is given by

- tara'exp~id+ 6) + ik6) . R, -i r,13 . Similarly. we may obtain the coherent refle c-
tion coefficient at W + 6 as

F - exlp-i51 (1 + 6) - aka] FlF. &

+ £q exppi(l * b) A ao].. F. = - = - (27)

* r t jrzrtMc¶(p(-ik( + b * a)]
+ +~( * . (22) and the coherent power reflectivity is given by R.
e ecallhatX s th'e t * *a). oro. In addition to the two reflected waves. there are &ua.

&Ad we MeAUl that X is the c plex-ceuate olperaltor. two transmitted waves, as illustrmted in Fig. L These
If we view E,, E3. G,. and G, as the input waves at the are the straight.throuh part of the incident beam Gt at

two mirros, then the output waves Eý, E,, G ,. and G, ca w * & Reflection off the sevond mirfor generates an-
te solved from Eqs. (21) in terms of Lt. E,. G1. and G,. ether incident beam at w. * . Phase conjugation with

At oscillation. a fanite solution for output waves E,. E frequency fhlpping at the nonlinear medium generate the
G. and G3 at the two mirrors may exist even if there are beam G) at Uýg F4 (21). wt ,bwn
no iwi t wves By setting E, -EaG2 - G.=0ina
Eqs. (21), we obtain

F'or a nontrivial swolnata, for thet output wav .adr substitutang. Ez 12U) *ad (V) for V; and r,. rva.;io.
the determin4at af the cinfoctn anq (13) must van. 91Wly. ifto 1Eq (2 6), we obtaia th6 ea*PetSUMU for the twI.

"ln. I.eL.. ,' - jr*F~'& - 0 FfU E4 (22k. ttdS Carnnu'ea ofacet
"dtO can b written as 1

ai 6) a ah"otV I-,
a (,-.1'eajiC--i*t!• • - ,t,,o] " A-ID , ". •- .t-P1•' " ?=", * •L.] t•,

"I |Nje'tx"i-a t a 6 * 6 Ii T.' and, .T

S ir 1 M e aA ~11C ftftr teelectninan traftsmiamaao Ctue~tfticets dc
('7tJLad rived abLa*w fiat ot W+U %kaw Eat a sfl

s-*iy•ig the ouillatoa w nutA.ttat for variotU3. type* of
a24) P6ADD/OAewAstAllAtut Iia "Ysa fw AAttv "04
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wave at o, - 5 is similar and may be obtained from our Thus, in the absence of the conventional mirrors, there
general formulation by taking E 3 as the input wave and is only one transmitted beam at w + 6. We note that
E, = G2 = G4 = 0. when r, = r2 = 0 and a = b = 0, then E, = A,(0) and

We are now ready to investigate three special cases of G. = A,(!), where i = 1, 2,3,4. If we define complex am-
great interest. These are the following: plitude transmission as I.' = s:(1)/Is,(O), then by Eq. (1)

A1(I) = s1,(I)exp(-ik1l) and A,(O) = isE(0); hence by
(i) No conventional mirrors (r, = r2 = 0), so that the Eqs. (29) we obtain to' = fo exp(ikil), and when this equa-

phase-conjugate oscillator reduces to a phase-conjugate tion is su'istituted into Eqs. (31) we get
mirror.

(ii) Only one conventional mirror (r, = 0), so that the t' so exp(iAkl/2).
phase-conjugate oscillator reduces to a phase-conjugate = -

resonator, i.e., a resonator bounded by a conventional mir- (-g + i2k) sinh2 + s cosh 2
ror and a phase-conjugate mirror. (32)

(iii) Both conventional mirrors present (rl,r 2 * 0),
which is the phase-conjugate oscillator. With r, = r2 = 0, the oscillation condition [Eq. (24)] be-

comes N'N* = 0. Substituting Eqs. (16). (18), and (12)
In each of the cases, we will consider four different opera- into Eq. (24), we obtain the following oscillation condition:
tion conditions: (1) Ak = 0, g = 0, JKtJ = IK21 = 1-1 * 0,
i.e., degenerate four-wave mixing without linear absorp- D = (-g - iAk)sinh 2-l + s cosh -I1 = 0. (33)
tion/gain in the medium. (2) Ak = 0, g * 0, IK11 = 2 2
[K21 = 1kI e 0, i.e., degenerate four-wave mixing with lin-
ear absorption/gain in the medium. (3) Ak * 0, g = 0, Note that, at oscillation, r, and t4 approach infinity ac-

K1 K 21 > 0, i.e., nondegenerate four-wave mixing in the ah- cording to Eqs. (30), (31), and (33). We now consider the

sence of linear absorption/gain in the medium. (4) Ak d four different operation situations and compare our re-

0, g * 0, JKI*K 2 1 > 0, i.e., nondegenerate four-wave mixing sults with previous studies.

with linear absorption/gain in the medium. In this paper Ak = 0,g = 0, KI = K2 = K This is the case of degener-

we discuss only case (i). Cases (ii) and (iii) will be dis- ate four-wave mixing in a transparent medium without

cussed in a subsequent paper.- linear gain or absorption."4

Under these conditions the oscillation is provided by the
parametric gain. From Eqs. (13), (30), and (31) we obtain
the phase-conjugate complex reflection coefficient and co-

PHASE-CONJUGATE OSCILLATORS herent transmission coefficient. They are
WITHOUT CONVENTIONAL MIRRORS

In this section we set r, = r2 = 0. The frequency of the r = -i-3 tan[K!I,
input wave E, is w + 8. In this case the problem then 1K1
reduces to the standard nondegenerate four-wave mixing 1
in a transparent medium,"'-4 which is characterized by a t, = cJ exp(-ikl). (34)
linear gain or absorption in addition to the parametric

gain. We will show that the general theory developed in The oscillation condition will now be IKsI = r/2,
this paper yields the results of previous studies. 2 "- 4  3-r/2,..., etc. Similar results have been obtained by

From Eqs. (26), (22), (16), (18), and (12), the amplitudes others.'"
of the reflected wave at the input plane (z = 0) can be Ak = 0, g * 0, K1 = K2 = K This corresponds to degen-
written as erate four-wave mixing in a transparent medium that also

exhibits linear gain or absorption.' 2

2ik2* sinh S-1 From Eqs. (13) and (32), the phase-conjugate complex
2 reflection coefficient can be written as

(-g - iAk) sinh 2 + s cosh 2S1 iK* tanl[jK 2 - (g/2)']`l

2 r = [IK12 - (g/2)2)'1 - (g/2) tan[1K12 - (8/2)'"` (35)

r, 0. (30)
According to Eq. (35), oscillation occurs when the fol-

Thus, in the absence of the conventional mirrors, there is lowing condition is satisfied:
no coherently reflected wave at w, + 6, only the phase-
conjugated beam at w - 8 is reflected by he nonlin- tan2fillK - (g/2)2]11) 2[IKI- (g/2)'`" (36)
ear medium. The transmitted waves at output p!ane = g
(z = 1) are where K - (w/2)V'171 X 1A 5*As *c1'` - 'et' 2  Equations

0= , (35) and (40) agree formally with the results derived in
s* Ref. 12, except that they have considered linear absorp.

8 = tion only. Thus, if we replace g with -a, we will obtain
(-g + iaAk) sinh i- + s' cosh !:I exactly the same result as in Ref. 12.

2 Using Eq. (36), in Fig. 2 we plot the parametric gain loc'1!

x exp[-i(k, + k2)I/2]. (31) versus linear gain gl at the oscillation conditions to show

60
Cl 1264DD/ejw



01% Rockwell Intemational
Science Center

SC338.FR

Ak~OD [- sinhl1~s cosi +i P' sinj-!)

2a (,v2 2. cash t I -A sin- l 'VCos-i

"*"ý<2 ~222+ * 4 tc l I U sin-i - eg Cos" )]

2 ea( 2v - 2 (9
I2

.A By setting the real and the imaginary parts of the
. ._ . denominator separately equal to zero, we obtain two

-t -os -o9 -04 -02 0 a2 04 a5 =s 2 .6 simultaneous nonliner equations involving three dimen-
loss C0) gain(94O sionless variables: el. aKt. and AVh, where x' - V .

Figt 2. Parnumotric gais j'11 vaWSa iaw gPin #1at the oWilla* if wae set AMl as the independent variable, then, by using
tm anditiaa - ,e"'. Brown's method to solve the two nonltnear equations, we

obtain multiple-valued solutions for 11 and ax'. Note that
when &*I - 0. the imaginary part of D is equal to zero.

the effect of gain (or loss) on the coupling constant i,'Il for and the real part of D reduces to Eq. (36). Using Eq (36),
degenerate four-wave mixing. The figure shows that the we find that for oscillation at the pump frequency the
parametric gain required for oscilatioa is considerably in- parametric gain required is wl -a 3.13824.1.570r0,
croased (decreased) owing to linear absorption (gain) in 076250 for a lnea absorption-gin of St - -1.0,1. ro-
the medium. spectively. Nondegenerate oscillation is not poasible for

AA * k S - 0,g l * > Thisisthecaseofdegener. theasets otfparawetervalues. Figres 3arJn4ahow the
ate four.wave mixing in a transparent m um wthou phasoe-conjugate power reflectivity R, and the coherent

r absorption or gain." power trantmilsiiity r,. respectively, versus normalized

Substituting j - 0 into Eqs. (30). we obtain the phas- wavelnth detuning * for thtvv values of SI - 0. i I at
conjugate ren n coeffict: os-il~io coniditio By derfinieo. *, - (AA/2) (2at/A')whih is also equal to the pa mismatch &*I divided by

P- 21r. Th wavelength-detuaing pameter AA/2 torre-
sponds to the difference in wavelength$ of the probw field[aM? t * (4h(�) •• )•2�Et relative to the pump fds A,. These two figures

(*to%* * a(4&" /2) t M * (Ah I) show that linear alsorption louts in the medium sutan-

(37) tially incrtase the threshold value of MI for which ow•ila.

Sisidentical to the result of W. I& Accdi tia will occur at the pump frquency. If the medium
Eq. (37). oscilltion oturs only when Ak 0 WW were somnhow to exhibit linet gpin instead of abaorptiou.
I a, v/2•. U/..... etc.. so that see tiuati~af Lthen the threshd value of the cOupl4 strength would h•eLu /2 3)'.ec. s tataoadeeneae scnltaa ta~ .. ag tl da gi h
due to four.wave miling is "ot posible in a tnmsparent ear , l owi n ab

Ket medium. (Ilecatton with afe input wove , Uin I. (36) w plot in Fg S the powr-relow eitium

only at the rump frequecy. t W 3Xw tti k 5hepvf"M io
Uk 0.• 0, kt'la > 0 Thss d coeffiicnt X, versus a normalizedw

ate forwevv mi="ng in a transparent medium tha ex- panim eer * for J' w w/2 and several values of the lf-
hibits linear absorption-gumi and a parametric gan f , gtia S. Fio fintite S. Osillattaion e'Ases t oWcur at

Thus is the first time tW OWr kftwled that the ..ffeetis of ý'1 - v/2. but it accurs at highcr tlowtee volges for ltwear
aiarptioti (Saba) in the wr dwft

ensMMdUm4 bakroa "Zis W tby a ien te ratefte4wv" V'Ct 6 and 7 are* the ftfamat~e$ Pk&eato*Eea s M art r tPthasf•lcat 16Yt•yanuthraAshib-ed terett ptwr tra

bly Eqs (Ia) (30). "ra t11). that Ph&:w.CUgtWAe cwtio dtmas*ivty. ey 6ec wthvel verstat o zItsase wavelngt

-4.'" ta& v.a" _(iA_- ,f•"t

a * - -til$)-_ o

The tartllwatuhf CMItttw I l C" n-ti • 06t by estker tmt
tiaOw 40the tftit da *os tors h Ceti E41 (14.4 or 004YQ4 rWptbtoft OWth wavvkageirt respeatie f(W the ra~te# applam
Eq (3,j WtLh oi X4 ( a qta•w can he wt• ta• a t l& rl pewmuntecsiit ftu Shoubl km 0tted FartW.
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1'.0 If we increase the absolute value of Iglj above 2, then
- .0 nondegenerate oscillation at a frequency different from

s - g , =-i " " =3. 13824 that of the pumps becomes possible. Figure 10 shows thesolution of D = 0 for gi and K'1 versus normalized wave-
4.0 g= ; ",5709( length detuning . Because the solution is multiple val-

3.0 ued, it is possible to have many pairs of g! and it'l values
cc ......... -- I ; '6-=0.76925 for a particular value or*. In this figure, the curve pair 3

2z.0 (shown as a dashed curve) for xI' is not shown because it
2_ 1.0 is greater than 1.8. The curve pair 1 (shown the solid

. \.curve) shows that, for example, if linear gain gl is in-
creased to 4.32152, then one can decrease the parametric"" . gain K'1 to 0.13281 in order to observe nondegenerate

C?

-3M
-20 2.0 3.0

NO• IMA ZED WAVE N , !'r i J .0

Fig. 3. Phase-conjugate power reflectivity R, versus normalized 0.1
wavelength detuning *' for several values of linear gain gl - 0, -n

±1 when lK'tl satisfies the oscillation condition. For the example o[rI,='2"J.
given in the text, unity along the abscissa corresponds to AA/2 = .
0.0772 A, or Av = 9.29 GHz. -0.5

LJ" 5.0 gz- r C,=3.13824 cr-2
Ln~ C?

>.. 1.0 U--

,. - g6-o" r 6-1.57080 (= -3
_ CLo -2.0 -LD. .0 1.0 2.0 3.0

3.0 ----- g-- -. 62 NORMALIZED WAVELENGTH DETUNING T
... ... Fig. 5. Power-reflection coefficient R, versus a normalized

. wavelength-detuning parameter ', for IJ'1I -f ir/2 and several val-
Z ,. - - ues of the linear gain gl. For the example given in the text, unity

] . .. . .... along the abscissa corresponds to AA/2 0.0772 A, or Ap =

SL26 GHz.

C?

.3 ".2. - I.0 .0 1.0 2.0 3.0

NORgALIZED WAVELE.STH DETUNING T
Fig. 4. Coherent power transmisaivity R. versus normalized
wavelength detuning *P for several values of linear gain gl = 0, ... /
S±1 when li'kl satisfies the oscillation condition. For the example
given in the text, unity along the abscissa corresponds to AA/2 = C
0.0772 A, or A,, = 9.26 GHz. d -

C>L.J

when Ig!l is less than 0.1, the effect on the filter of gain -
(gl > 0) or loss (gl < 0) on the filter characteristic is neg-
ligible. Second, larger linear gain (or loss) degrades the o
filter characteristics. Third, the filter characteristics of IL 0.5
the phase-conjugate reflection are better than those of
transmissidn for finite gain (or loss). a- -0.5

In practice, linear gain of the nonlinear medium depends D 0.1
on the pumping source. Using Eqs. (38), we plot in Figs. 8 L0.1
and 9 the linear gain (or loss) gl versus normalized wave-
length detuning *I for constant reflectances and trans. .0
mittances, respectively, when IK'1l =r/2. We recall that -2.0 .0 0 1.0 3.0 3.0

"K= (-/2)V'_ur X"'3 A6*A 6'e8"' = K'eltz. In these figures, NORMALIZED WAVELENGTH DETUNING Y
we plot only the minimum absolute linear gain Jg-l ver Fig. 6. Normalized phase-conjugate power reflectivity versus
sus noralized wavelemngthm abetute lnbecause gin is r normalized wavelength detuning T for parametric gain IrI -l /2Ssus normalized wavelength detuning W, because g is a and several values of linear gain gl. All curves are normalized to
multiple-valued function of Ak for constant reflectances unity power reflectivity to emphasize the frequency bandpass or
or transmittances in Eqs. (38). the interaction.
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CONCLUSION
-I r,'JZ/2 In conclusion, we have treated the generalized theory of

the propagation of electromagnetic radiation in phase-I rconjugate oscillators. Wavelength detuning and linear

9 gand parametric gain are all taken into account. Phase-

- 0.5 conjugate power reflectivity and transmissivity, coherent
J,. power reflectivity and transmissivity, and the oscillation

condition are derived. We have studied the special case of
no conventional mirrors by using this general theory and

-o-O. S compared our results with those of previous studies. Our

LU

-1J
-C)

-3 -2.0 -<.0 0 1.0 2.0 3.0

NORMALIZED WAVELENGTH DETUNING To0
ig. 7. Normalized coherent power tiansmissivity versus nor-
talized wavelength detuning k4 for parametric gain Jld! = fi'/2 C -02
nd several values of linear gain gl. All curves are normalized to
nity power transmission to emphasize the frequency bandpass -J 0 0 , 0 0

r the interaction. -20°-00 -00.15 -0 0 0"05 O 0'15 0r

NORMALIZED WAVELENGTH DETUNING T

0.3 ,.0 ...... I 'I /
------ T-1 *-----

"•R 1 ------- " ]" 0

0.2
0'3.0

0 2.0 L •+."+ 0.1 R.0 I !ýT 1

u'0 -0. T2

-0 , 3 .2.0 l.0 0 1.0 2.0 3.0

NORMALIZED WAVELENGTH DETUNING T -J NORMALIZED WAVELENGTH DETUNING T
Fig. I. Contours of equal transmittance for lIv'l - wr/2 on the
linear gain (or loss) versus normalized wavelength.detuning
plane. For the example given in the text, unity along the ab-

4.0 scissa corresponds to AA/2 - 0.0772 A, or a- R26 GHz.

.01

"LD Rr104.9

",R=O.1 4.0 1.4
_ 3 2 - .0 1.0 2.0 3.0 

1.2

NORMALIZED WAVELENGTH DETUNING V 3.' ,.0p
,ig. 8. Contours of equal reflectance for li!'1 - ir/2 on the linear _>
sin (or loss) versus normalized wavelength-detuning plane. For 3.0 .1
he example given in the text, unity along the abscissa corre- 3..6
ponds to AA/2 = 0.0772 A, or Ap 9.26 GHz.

.2

Iscillation at 1'P1 1.31. Figure 11 is a plot of R, and T, =.
,ersus the normalized wavelength detuning for gl = .3 .1.0 .1,0 a 1.0 ..0 3.0

1.32152; K'1 - 0.13281, showing the possibility of observ- NORMAL! -. ?EO WAVELENGTH DETUNING t
ng oscillation at a frequency different from-that of the Fig. 10. Parametric gain ('I and linear pin gi versus normal.
)ump beam for this set of parameter values. ized wavelength detuning at the oscillation condition.
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Abstract

This paper is the second of a series describing propagation of electromagnetic

radiation in phase-conjugate oscillators. We apply the formulation developed in the first

paper to study the phase-conjugate resonator (PCR) and the Fabry-Perot cavity with an

intracavity phase-conjugate mirror (PCM). Our results show that nondegenerate

oscillation occur in the POR for large parametric gains and fixed separation between the

conventional reflector and PCM. The bandwidth is considerably reduced from that of a

PCM alone. In the phase--conjugate oscillator, oscillation will occur at the pump frequency

only if there is no separation between the conventional mirrors and the phase-conjugate

element, and the nonlinear medium fills the entire Fabry-Perot cavity.
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In part I of this series,(1) we formulated the power reflectivity/transmissivity and

oscillation condition in phase--conjugate oscillators. Thase oscillators consist of

conventional Fabry-perot cavities with an intracavity, transparent Kerr medium that is

pumped externally by a pair of off-axis, counterpropagating pump beams. An external

signal with a frequency different from that of the pump beams is injected into the cavity

along its axis. Nearly Degenerate Four-Wave Mixing (NDFWM) generates a wave that is

phase-conjugate of the signal beam. Additional waves arise due to the presence of the

conventional end mirrors of the cavity. Extermally driven, intracavity four-wave mixing in

Fabry-perot resonators has been considered before by Agrawal(2) and Yaholam and

Yariv(3) in saturable absorbers and photorefractive media respectively, and for equal

frequency of the interacting waves. In contrast to our study, Refs. 2 and 3 consider the

external driving field bouncing back and forth between the two mirrors of the cavity as the

counterpropagating pumps for the nonlinear medium, while another external, weak signal

that is not part of the cavity probes such a device, thereby combing DFWM with cavity

operation.

We apply our general formulation of nondegenerate operation of phase-conjugate

oscillators to the special case of a Fabry-Perot cavity with one conventional mirror and a

POM, i.e., a PCR. This device has been studied extensively.( 4 -8 ) Refs. 4-6 examined the

transverse modes in a PCR. Refs 7 and 8 looked at the fields within and outside a PCR

without taking into account the nature of the nonlinear process responsible for

phase-conjugate reflection. Ref. 9 examines the effects of a noisy probe field incident on a

phase-conjugate Fabry-Perot resonator. Our theory describes nondegenerate oscillation in

a PCR by taking into account the four-wave mixing process responsible for generate of the

phase--conjugate wave. Analytic expressions are obtained for power reflectivity and

transmissivity, as well as the oscillation condition, showing their dependence on linear and
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parametric gain of the PCM, mirror reflectivities and separation between mirrors and

PCM. Numerical plots are presented to illustrate this parameter dependence.

PHASE CONJUGATE OSCILLATORS BOUNDED BY ONE CONVENTIONAL

REFLECTOR AND ONE PHASE CONJUGATE MIRROR

Referring to Fig.1, we consider a linear optical resonator bounded by a PCM and one

conventional mirror r2. The POM is a transparent Kerr medium with linear gain (or loss),

and it is pumped externally by a pair of counterpropagating, off-axis laser beams of

frequency w. A weak probe field at frequency w+6, where k<w, is incident on the PCM

from the left. The field E2 at frequency w-6 and propagating backwards to the left of the

PCM, is generated by NDFWM at the PCM. The field E4 at frequency W+6 and

propagating backwards to the left of the PCM is generated by reflections off the

conventional mirror of the beam transmitted by the PCM. Waves G1 and Gs, at

frequencies w+- 6 and w-- respectively, propagate in the forward direction to the right of the

conventional mirror, and can be similarly interpreted. Using the formulation developed in

Ref.1, the complex phase-conjugate reflectivity and transmissivity, rp and tp and the

coherent reflectivity and transmissivity, r, and t,, respectively are given by:

rp=.;-=-il 2 fl -1+ - Akb 2

*(1)
e, • -ixkl/2 e-ir k~i'~ b

G3 -iX2 ot r r2 ( 1-r)
t =-'.,=P •tt[-2iakb-t2 rl]

68
CI 1264DD/ejw



*SC5538.FR Oi% Rockwell International

E 2 i(kl+k2)(l+b) r*Science Center

* -t6kb_ * 02 ,6ii&kb
e 19 r 21

G, (1- 4~) &*eiki(1+b)eihkl/2eýi&b

E, tg"'-r0 021r2131

where

1

#=-TF-inh 2(2)

D=(-g-i,&k)sinh[s 1/2]+s coeh[e 1/2]

The oscillation condition is

* 2 12= -2ikb
KlK2~ 1ir21 e (3)
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Note that the power reflectivities Rp, Rq, power tranamissivities Tp, To, and

oscillation condition are independent of the phase introduced by reflection or transmission

at mirror 2, where Rp= Irp 1, R.=Ir.j 2, Tp=-ItP2 and T,= It, 12. Note that in the absence

of mirror 2 (r2=0) r,= t,=O, while rp and t. reduce to the results of Ref.(1) for a PCM,

except that the wave G, now measured at 1+b instead of I.

We shall now discus four different operation conditions: (1) ak=O, g=O, xc=K=x;

(2) Ak=O, g#O, x1---r•K; (3)AWk, g=O, ilx2>0; (4)A#, g4O, %ir2>0. For each case, we

shall discuss the phase-conjugate power reflectivity and transmissivity, coherent power

reflectivity and tranamissivity and the oscillation condition.

(1) k=O, g-=O, ,n=i.=,K

This is the case of Degenerate Four Wave Mixing (DFWM) in the phase--conjugate

element of the PCR.

By Eqs. (1) and (2) the complex phase-conjugate reflectivity rp and tranamissivity

tp, coherent reflectivity r. and transmissivity t, are given by

r * tnI1+r2
r -T t- •t lsI/ I tan I I

;k1b t7r2q
tp=-T-T tanlr.l/seclxJleik/b lT--r2[%an2 Ix I

r-_sec~l x 11e2ik(l+b) r 2*4I- Ir2l ýta=n2 I X4)

t,=sec I[ PC1 e-ik(/+b) t2I- Iral~tan I X 1
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where k=kt=k2. Note that if rl=O, then we recover the results of Refs.(1) and (9) for

DFWM in a PCM. Identifying tan'jicl and sec2lIK[I as the phase-conjugate power

reflectivity and coherent transmissivity of a PCM,K(19) we note that equations (5) are

similar to the results obtained in Ref.8 for the fields in a POR. The differences arise

because Vesperina(s) considers the external probe field to be incident on the mirror

instead of the PCM, and does not account for the nonlinear process responsible for phase

conjugation at the PCM.

By Eqs.(2) and (3) the oscillation condition is

Ir2I 2tan 2 I tJ (5)

Equation (5) is identical to the result obtained in Ref.(9), and shows that if mirror 2

is perfectly reflecting, then oscillation occurs at I K-lr/4, which is lower than that for a

PCM alone by a factor of 2.

Note that for the POP,. the oscillation condition (5) and the four power coefficients in

Eq.(4) are independent of the separation b between the PCM and the conventional mirror.

(2) &k=O, gJ#O, t= =r

This is the case of DFWM in the nonlinear medium with linear gain or loss besides the

parametric gain.

Substituting Eq#.(2) in Eq.(3) and simplifying, the oscillation condition becomes
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"n rJIL-(2)24= K+21 I (6)
g+2 I mr:I

The above equation shows how the presence of linear gain (or loss) will affect the values of

parametric gain required for oscillation in a PCR.

The resonator oscillation frequency w is also independent of the separation between

the two reflectors for DFWM in the PCM.

In Fig.2, we plot the parametric gain xI 1 required for oscillation versus the linear gain

or lows gl for several values of conventional mirror reflectivity: Itr21 2 1, 0.8, 0.5, and 0.1.

When there is no linear gain/lam (g=O) and Ir212=1, the coupling strength required for

oscillation is r/4, as expected from Ref.(9) for a PCM in the presence of a perfectly

reflecting mirror. Linear absorption lones in the medium substantially increase the

threshold value of I xI I for which oscillation will occur. If the medium were somehow to

exhibit linear gain instead of absorption, then the threshold value of the coupling strength

is correspondingly lowered due to the additional gain now available from the medium. Also,

for a given linear gain/lous in the nonlinear medium, the threshold value of I P' II for

oscillation increases as losses at the conventional mirror of the phase-conjugate resonator

are increased.

(3) AW, g=0, KIX2>0

This is the case of NFWM in the PCM of the phase-conjugate resonator.

The oscillation condition can be separated into an amplitude and a phase part. The

equality of amplitude part yields
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4trI2Kc'x sin2 J6k +4-,,• J=ak2+4x,, co,2  ! (7)2 2

and the equality phase part yields

t ba= ak J jE4xK I 1s
JAk2+4xtK*

Due to NDFWM in the PCM of tb.; phase-conjugate resonator, the oscillation condition is

now a function of the separation 'b' between the POM and the conventional mirror. For

practical applications, if we choose b>=O, i.e. the conventional mirror is placed exactly at

the back of the POM, and if we consider nondegenerate ostillation (A&lc0), then Eq.(8)

requires JAk2+4Al,* k=2pr, where p is an integer. This however can not satisfy Eq.(7)

becaue xIK2 is a real and positive number. Hence if b=.O, oscillation will only occur at the

pump frequency with ak=O. From Fig.(2), the minimum parametric gain required for

oscillation will occur for a perfectly reflecting conventional mirror with I r%2=i. Hence for

this special case, the oscillation condition of Eq.(7) can he simplified to

co4Ik2+4x* I- (9)
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Since the magnitude of cosine function cannot exceed unity, by Eq.(9), oscillation can

be achieved only when the absolute value of the the maximum wave number detuning I&kl

is equal or less than 2(#qK2)2. Let %I,-.2S2; then Eq.(9) can be solved for P/ as a function

of hkl/2ir by numerical methods and we can obtain b/I from Eq.(8).

We plot the phase conjugate power reflectivity Rp versus normalized wavelength

detuning --ak//2r =(.-.-- A/2)(2 n I/ A2) in Fig.(3). The dot-dashed curve represents the

case of no conventional mirror ,i.e., an ordinary PCM based on NFWM, with a parametric

gain of r/2. The solid curve corresponds to a linear resonator with a PCM and a perfectly

reflecting conventional mirror placed exactly at the back of the PCM. The parametric gain

for this curve is s/4. Notice that the introduction of the mirror not only reduced the

parametric gain required for oscillation, but it also dramatically decreased the bandwidth

of the filter. This is becaue feedback from the mirror in the ftŽ.-rn1 of reflected light along

the axis of the resonator increases the internal gain available from the PCM, thus

increasing the fineme of the resonator. (10) Oscillation occurs at pump frequency in both

cmses. A larger value of the parametric gain above this threshold value (al=1.11065. as in

the dashed curve of the same figure) shows that nondegenerate oscillation is now possible

at LkY2rs*0.353, but for the fixed separation of b/&=O.70722. The bandwidth of the

dashed curve is les than that of the solid curve.

(4) ,,,. g#0, aja*>0

This is the case of NFWM in the externally pumped nonlinear medium with linear gain or

loss besides the usual parametric gain.

Numerical plots of the phase-conjugate reflectivity of the PCR is shown in Fig.4 as a

function of normalized wavelength detuning *, respectively for r2=-l, x'k= 1 and two linear

gain gI-).O2. For filter applications, linear gain (g60) is better than linear loss (gk<O)

because the central peak (at akl/2rw-) is smaller for linear gain than for linear los. and

the rode-4obe structure is reduced.
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We moay rewrite Eq.(3) asScience Center

3 2 4ll2ei( b+2rp) (10)

where p is an integer. Then b/I has multiple-valued solution for the phase p•rt of Eq.(10)

when sk, gI and * are fixed. We plot the phase-conjugate power reflectivity versus

normalized wavelength detuning in FiI.5 to show the effects of different values of b/I

corresponding to p=0,1 on the mode spacing at the oscillation condition. This figure shows

that when we increase p ,i.e. increase separation b/I, then it will have the detrimental

effect of decreasing the mode spacing and increasing the power reflectivity in side-lobts

other than that at the oscillation frequency.

PHASE-CONJUGATE OSCILLATORM )

Referring to FigL6, we consider an optical resonator that consists of two partially

reflecting mirrors r, and r2 and an intruavity PCM that provides linear gain (or loss)

besides parametric gain via FWM.

(1) g=0. x1=A=0, 6k=0. RIR1#

This is the cue of a Fabry-Perot cavity, with no intr•acvity PCM.

The coherent reflection and tranasmiision is
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rikd e-*ikd

r =r2e +e

'I r ..,i -r ,!-r-t••M I'r -kd 4 Wkd ]

where d=/+a+b, k=k1 =k2. Thee two equations can reduce to Airy's formula. Note that

t.=0 if r1=1, since there is no transmitted wave G, if mirror 2 is perfectly reflecting. Also

note that rp=tp=O, as expected in the absence of the intracavity PCM.

(2)g&#0, x,=2=0, Ak=O, RIR3#0.

This is the cue of a Fabry Perot cavity with an intracavity linear gain medium.

Using rj=4-4, r2,-•AhR, the oscllation condition can be written as

I+RjRje2 1gL24 ; ,e-A om(2kd)=O (12)

where RI and R2 are real nwnbem- Solving this equation, we obtain

RT2~ egI 1 (13&)

which meamn that laser round trip gain must be equal to unity, and
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b (13b)

where p is an integer. Hence in a Fabry-Perot cavity with an intracavity gain medium, the

net phase change acquired in one round trip must be an integral multiple of 2r.

(3) C:O. jq=,1-=x, Ak=O, RIRB#O. ')

This is the case of DFWM in the PCM bounded by two conventional mirrors.

Using the formulation developed in Ref.1, we get the phase conjugate reflection

coefficient

rP= - t 1 (l-r. )(1+R2)i t aI'X 1' (14)

td{l+RIRr-tanl Al t[RI+R:]+ ( 1+tan' Jxl])[ r ir ,"2ikd+rdrje )k

Eq.(14) shows that when sO, then rp=O, which means that when there is no four

wave mixing, phase conjugate wave cannot be generated. Note also that if R1 =0, then we

recover the reults for rp (Eqx.(4)) for the PCR. If Rt=l, then tp=O because then

phase-conjugated light canot be transmitted to the Idt by mirror I.

S&milarly, we caz obtain the coherent reflection coefficient

0 (!-ta a X 1l (r'e 2ikd+ R ,r~e 2 i kd)+ Lt (lxll+t+R (r'tan2l ll-15)

I+RaR2-t:uI• I(R +Ra)+(I+t•n )K•I1)(r ire"2i kd+t4rCe2tkd)
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where Ri= Iri 12; i=1,2. Note that this equation reduces to Airy's formula given by Eqe.(l1)

when JxcI =. For oscillation to o cur the denominator of Eq.(15) must be zero. The

resulting equation can reduce to the result of Yeh. (12)

(4) &%, K1=1r,, &k=O, R4R#o.

This is the case of DFWM in a transparent medium with linear gain (or low) and

parametric gain bounded by two conventional mirrors.

In Fig.7, we plot the threshold parametric gain I Pe I I as a function of the normalized

cavity length O=k(l+a+b)=kd with r2=-l, r1=t- , and linear gain (or lo8) gL=t*O.05268.

Note that for cavity lengths with 0=-fr, oacillation can still occur for -y not an integer and

the minimum threshold occurs when y is an integer. We plot the parametric gain x'l versus

linear gain gl at threshold oscillation condition 'or various -y in Fig.8 when Jr21=-1,

IriI=4n. It shows the effects of gain (or loss) on oscillation. When y is an integer

(minimum threshold) and linear gain of medium reaches its threshold value,

_.. g/=-ln(-R1Ru), then ,'I=O for oscillation, as given by Eq. (13a).

(5) g=O, AkMI, K•92 I0, RIR 2#.

This is the case of NDFWM in the transparent nonlinear medium bounded by two

conventional mirror.

Conmider example 1, with a=b=O, r.142=K2 and adjust the phase of rl and r2 such that

rir 2e-i(k1+k2)l+rir ei(k1+k2) 12! rr2 I cos[(k1+k 2)l+(] (16)

where ( is the total phase of reflection from mirrors ri and r2. The oscillation condition

reduces to
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2(a*)2rI r2r~I cos[(kl+k 2) I+ý]+RxR 2[( c*)'p2(#,cU*)2]2+ 1-K2(f*)2[Rl+R2]=O (17)

By separating the above equation into real and imaginary parts, Eq.(17) reduces to

24 RIR 2-(Ak2+4K.2)cos[(k I+k2) 1I+ ý]+ (R1R2+ 1) (ýico1A 2+K +4K2cos

-4tc2 (R1 +R2)sin 4 -r- J-10(18b)

Note that when Ak=O Eq.(18a) is aiway satisfied and Eq.(18b) reduces to the result of

Ref.(12).

For RR2<1 and &Jk#, sinj,&k2+4r,2 1=0, and Eq.(18b)reduces to

cos[(kj+k 2)1±]=- 1+R1 R2  neither
2~RR

Ak2{21Pj RjP cos[(k1 +k2) +(]+I{R 2+ 1}+4K2{2 I R,112cos[(ki+k2 )1+(]-R 1-PLRj=0 (19)

These are not possible for R1112<1. Hence when a=b=0, oscillation can only occur for

Ak=0. Hence nondegenerate oscillation is not possible if the nonlinear mediumn fills the
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For example 2, let r1=4NJ1T, r2=-1 and K.2 =ix2 , ab#0, where R1 is real number and

xi=-X(S).4.4 Then oscillation condition simplifies to

=24T~ (*)2CO[(kl+k2)(1++b)] (20)

Comparing the imaginary parts of Eq.(20), we obtain

* 4K2sin2 4aT. KI~Z sin4&k(b-a)+[Ak2cosý -AR+ 4TJ-U+4K2COS2 ZR7 Isn"'a

+~kAk2+4K ýT.sinjk 2 4x kt7-os,&k(a+b)=0 (21)

and comparing the real parts, we obtain

.2jLr{Ak2+4r.2)cos[(ki+k 2) ( +a+b)]

=-4,02sin'4A2+4x2 1cosAk(b-a)+ [tk 2cos~ ak2+4,X2 1± 4XQo 2CO2 ý+EICOsemk(a~b)

l,~k+4p sinAk~I~42 ~i~k~~b)(22)
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Cancelling ak(b-a) and from Eqs.(21) and (22) we can obtain a single formula that is a

function of xd, aki, (k1+k 2)l, and (a+b)/l only. Then we can use Mueller's iteration scheme

of successive bisection and interpolation method to find il for a given &k4 (a+b)/l and

(kl+k2)L Actually, because (k1+k 2)l is much greater than Ak4 hence when we change

(a+b)// the term cos(kj+k 2)(l+a+b) on the left hand side of Eq.(22) will oscillate much

faster than cosak(b+a) and sinak(b+a) of Eq.(21) and right hand side of Eq.(22). So, when

pumping frequency is chosen (i.e., (kl+k2)=-constant) then we can choose X and Y as

independent variables such that

X=sin[Ak(a+b)]

(23)

Y=cos[(kl+k 2)(•+a+b)]

and introduce integers (p,q) such that

a+b 1 -1

1+'T--=(1+2 cs Y+2

(24)

d BnI X+2rPS(a+b)/l

Then we can solve x1 by using Eq.(21) and (22). Fig.9 shows X-Y plane versus nonlinear

parametric gain rd for (k1+k 2)I=10000 ,(p,q)=(1,10000) ,r1=l-n ,r2=-- and reflection
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index n=1.62 at oscillation condition. Note that q must be greater then (k1+k 2)I such that

(a+b)// is positive and using Eq.(21) we can obtain (b-a)/l, aaA Akl is dependent on (p,q)

so that the solution of Eqs.(21) (22) for 1 is also dependent on (pq).

(6) g#, k#, 00 a R1R2#O.

This is the case of NDFWM on the transparent nonlinear medium which exhibits

linear and a parametric gain and is bounded by two conventional mirrors.

For example, let a=b=O, xjx*=K2 and rl,r2 are real. The oscillation condition reduces

to

RlR 2[j --ýicfi2] 2+j1-j 2 ([Ri+R2]-+-2a~rir 2cos[(ki+k 2)A]=0 (25)

This equation can also be separated into two equations for real and imaginary parts

and function of coe[(k1+k 2)4, cil, gI, and Xk. Then we can use Brown's method for

determination of i'l and gl from these two equations for constant cos[(k1 +k2)4. For

example, Fig.(10) shows the normalized wavelength detuning T versus parametric gain ti/

and linear gain gl for the oscillation condition at coe[(k 1+k 2)4=1 and RI=0.4 ,R2=0.4.

Because it is a multiple valued solution, hence it is possible to have many pairs of gl and .1 I

for a particular value of T (not shown in this figure).
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CONCLUSION

In summary, we have developed a general theory of electromagnetic propagation in

phase conjugate oscillators. Specifically, the authors have treated the propagation of

electromagnetic radiation in a resonator bounded by one conventional reflector and one

phase-conjugate mirror and resonators containing an intracavity phase-conjugate element.

Wavelength detuning, linear and parametric gains are considered. Phase-conjugate power

reflectivity, coherent power reflectivity and threshold oscillation condition are derived. The

results indicate that: (1) nondegenerate oscillation are possible (&k#O) for the cases of g=Q-0

as Fig. 1 for bJ0, Fig.6 for abJ0 and all cases of gl#O ,and oscillation will only occur at pump

frequency (&k=O) for the cases of gl=O as Figs.1 for b=O and Fig.6 for ab=O. (2) we can use

small x'1l to generate self oscillation and simultaneous produce the coherent and

phase--conjugate waves.
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FIGURE CAPTIONS
Fig. 1 The basic geometry of a linear phase-conjugate resonator via nearly

degenerate four-wave mixing. In this case, the incident probe wave, whose

frequency w+6 is slightly detuned from that of the pump waves (both at

frequency w ),will result in a conjugate wave with an "inverted" frequency

-S-. g is the linear nonsaturating background (intensity) net gain coefficient.

Fig. 2 Parametric gain I ' I Iversus linear gain gl at oscillation condition for Ak=0

and several values of conventional mirror's reflectivity: 1r21 2=1, 0.8, 0.5 and

0.1.

Fig. 3 The phase conjugate power reflectivity Rp versus normalized wavelength

detuning 4' for linear gain g=0. The dot-dashed curve represents the case of

no conventional mirrors and ii=ir/2. The solid and dashed curves correspond

to a linear resonator with a PCM and a perfectly reflecting conventional

mirror at its two ends with nonlinear gain ci=ir/4 and xl=1.11065 respectively.

Note that when nonlinear gain is above r/4, then nondegenerate oscillation is

possible, and the bandwidth of dashed line is narrower than the other two

lines.

Fig. 4 The phase-conjugate and coherent power reflectivities Rp, versus normalized

wavelength detuning V with r2=-1, ic'/=l for gý=-0.2, b/i=2.37018 and

gL=0.2, b/1=0.57008. These graphs show that for constant nonlinear gain W1', it

is possible to detune the frequency of oscillation if we vary linear gain gl and

choose a suitable b/l.

Fig. 5 The phase-conjugate power reflectivity versus normalized wavelength

detuning at oscillation to show the effect of different b/i.
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Fig. 6 The basic geometry of linear phase-conjugate oscillator via nearly degenerate

four-wave mixing. In this case, the incident probe wave, whose frequency 4,6

is slightly detuned from that of the pump waves (both at frequency w), will

result in a conjugate wave with an "inverted" frequency &*6. g is the linear

nonsaturating background (intensity) net gain coefficient.

Fig.7 The threshold parametric gain r.'1 required for oscillation as a function of

normalized cavity length -.k(Il+a+b) with r2=-1, r1=n.. for linear gain

(gl=0.05268) and linear loss (gi=0.05268).

Fig.8 The parametric gain x'l versus linear gain gl at threshold oscillation condition

for various -y, whewe ko='yr, r2=-1, r1=4n.

Fig.9 The X-Y plane versus nonlinear parametric gain id for (k1l+k2)1=10000

,(p,q)=(1,10000), n=1.62 and r1=J ,r2=-- at the oscillation condition,

where X=sin[Ak(a+b)], Y=cos[(ki+k 2)(l+a+b)] and p,q are defined in

equation (24).

Fig. 10 The normalized wavelength detuning T versus parametric gain #i0 and linear

gain gl for the oscillation condition at cos[(ki+k 2)4=1 ,R1=0.4 ,R2=0.4. and

a=b=0
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"Experiments were performed using a low Here N = lexp(hu,/kT) - 11. T is the ambi- probe beam of slightly different ftretq
pressure COz laser in both standing-wave eat temperature. T, - hwlin(NlNz) is the is achieved by NFWM. Linear absolp..
and ring resonator configurations for two amplifierialtenuator temperature. sf, is or gain in the medium is also taken M•
resonator magnifications. A variable fre- the product of the amplifier/attenuator fre- account.
quency shift in the return beam was pro- quency bandafby the registration time r, ot For negligible linear absorption (gDWL,
duced with two acousjooptic modulators is thequantum efficiency depending on the the medium and with nocorventiorial 0*t
(as shown in Fig. 1). Laser output power difference if between the signal frequency rots. ":.e PCO behaves like an ordia•W
and beam quality were measured as a func- and the amplifier eigrnfrequency (v = I at k PCM. and the results of our general dbea,
tion of fed-back power and frequency shift. - I or 6f << Af. This theory has been veri- are identical with those of Pepper
The frequency shift varied from 0 MHZ to fied experimentally using a double pass Abrams'-a phase conjugate wave ca b,
the longitudinal mode spacing. Although amplifier optical system comprising a generated without a probe beam andz
the amplification factor was relatively con- phase conjugate mirror with X a 1.05 jam corresponding phase conjugate refle,•tc
stant if the return frequency was far from and the sensitivity of about two photons coefficient and probe transmission Cot%
that of any of the lowest loss modes, there per resolution element, the number of ele- cient will be infinitely large. This seiX ,
was a strong dependence on frequency if ments being 380 X 380. The transverse dis- cillation can occur only at the pump t,
the return frequency was near a lowest loss tribution of a light beam was processed by quency and when the parametric gain u aa
mode. means of a matrix photodetector and nu- integral multipleoflr/2. lnthepresenc

The amount of beam quality degradation merical averaging of the resultsover a large linear absorption (gain) in the mediumoe
or power loss was also dependent on the number of elements. This OS was used to study shows that the parametric gain re-
magnification of the resonator: higher analyze thestatisticsofthermal radiation in quired for self-oscillation at the puznpbn.
magnification resonators were more sensi- the laser breakdown region (T ? 3 .. S eV). quency is considerably increased (de.
tive to return power. Returnsof-7 10-4 statistics of spontaneous and stimulated creased), while the bandwidth and sid*,-
(M = 1.5) and 1.4 X 10-4 (M = 2.0) were scattering, as well as of linear scattering at lobe structure of the bandpass filter arealso
sufficient to cause a 5% degradation in small particles. It was also shown that the affected. Also, nondegenerateself-oscUla.
beam quality for the standing-wave resona- phase shift by r in one beam (attenuated to tion can now occur if the medium has Laspe
tors. Thiswasconsistentwithanalysispre- fho= l)ofatwo-beaminterferometerwitha lineargain. Figure I is a plot ofthepbAe
dictions of l0-3 (M - 1.5) and l0-1 (M = 2). phase conjugate mirror leads to a change in conjugaie reflectivity R, and the prob.
The beam quality degradation vs return the SNR value from I to 2. The possibility transmission coefficient T, vs the norma&.
fraction for the standing-wave resonator of splitting a light beam into several (two, ized wavelength detuning between tiw
with magnification of 1.5 is shown in Fig. 2- four,. .. ) channels with -o < 1 followed by a probe and pump beams for a linear gain ot
For low levels of return, the beam quality of phase-locked PC of radiation from each of 4.32 and a parametric gain of 0.13. Note
the forward wave in the ring resonator was these channels in their respective PC mir- that R, and T, become infinitely large at a
insensitive to the return power; however, rors pumped by the same laser beam was nonzero wavelength detuning, i.e., in the
the ring resonator did exhibit an intensity demonstrated. (Poster paper) absence ofa probe beam, self-oscillationata
drop as return power increases (see Fig. 3). frequency different from that of the pumwp

(Poster paper) beams is possible in a medium with lino-a.
CTH126 Paper withdrawn gain. (Poster paper)
CTHI27 Nondegenerate oscillation in a
phase conjugate mirror with linear gain 1. A. E_ Siegman, P. A. Belanger, and A.

Hardy, Optical Phase Conjugation, R. k.
WUN-SHUNG LEE, SIEN CHI, National Fisher, Ed. (Academic, New York, 1983).
Chao Tung U., Institute of Electrooptical Chap. 13 and references therein.

CTHI25 Investigation into quantum sta- Engineering, Hsinchu, Taiwan, China; RA- 2. J. C. Diels and 1. C. McMichael, Opt. Lett.
tistics of light using high-sensitivity GINI SAXENA, POCHI YEH. Rockwell In- 6, 219(1981).
phase conjugation ternational Science Center, Thousand 3. P. Yeh, 1. Tracy, and M. Khoshnevisan,

Oaks, CA 91360. Proc. Soc. Photo-Opt. Instrum. Eng. 41M0. V. KULAGIN, G. A. PASMANIK, A. A. 240 (1983); P. Yeh and M. Khoshnevisan.
SHILOV, Institute of Applied Physics, Optical resonators containing a phase Proc. Soc. Photo-Opt. Instrum. Eng. 487,
Academy of Sciences of the U.S.S.R., 46 UI- conjugate mirror (PCM) have been a subject 102 (1984).
janov St., 603600 Gorky, U.S.S.R. of great interest, where the PCM is em- . W. S. Lee. S. Chi, P. Yeh, and R. Sasena,

A semiclassical theory is developed de- ployed as an end mirror of the resonator OSA Annual Meeting, 1989 Technical Di-
scribing transformation of the quantum sta- tion't Recent theoretical analysis indicates gest Series, Vol. 18 (Optical Society of
tistics of radiation on its passage through that the insertion of a PCM inside a ring America, Washington, DC, 1989). p. 102.
various optical systems (OSs) including laser cavity results in a reduction of the 5. P. Yeh, 1. Opt. Soc. Am. A 2 727 (1985).
semitransparent mirrors and amplifying lock-in threshold and reduces the imbal- 6. D. M. Pepper and R. L. Abrams, Opt.
and absorbing media (Fig. 1). The signal ance between the amplitudes of the oppo- Lett. 3,212 (1978).
intensity is defined in terms of this theory sitely directed traveling waves.2 In the ex-
as the intensity of the total field of this treme case of phase conjugate oscillation CTHI28 Laser beam noise cleanup using
signal and zero noises which have passed without conventional ain. lock-in can be Brillouin mirrors, and the problem of as-
through an OS minus intensity of the input completely eliminated. sociative memory

* noise in the reception band: . We have developed a general theory for N. F. ANDREEV. V. A. DAVYDOV, I V.

nondegenerate oscillations in a phase con- NATIN, A. Z. MATVEEV, 0. V. PALA-
nator with a PCM as an intracavity ele- SHOV, G. A. PASMANIK, P. S. RAZENSH-Smentor The theory is formulated by study- TEIN, Institute of Applied Physics, Acade-

where k is the operator to describe OS tak- ing the problem of wave propagation along my of Sciences of the U.S.S.R., 46 Uljanov
ing into account its internal noises, the axis of the resonator and by extending St., 603600 Gorky, U.S.S.R.

Let us introduce the photon numbers n to the matrix method introduced by Yeh% to Possible ways of laser beam cleanup from
characterize the total radiation energy per describe the case of nondegenerate tour- speckle noise imposed on this beam are
one resolution element. Their mean val- wave mixing (NFWM). The PCM is taken considered. Such a cleanup is require,&
uesand thequantumdispersion(-n)2 atthe to be a nonlinear transparent medium (I) when a self-focusing instability causes
input and output of OS including an ampli- pumped by a pair of counterpropagating buildup of a parasitic field with a speckle
fier or attenuator (the transmissivity k) are laser beams of the same frequency and in- inhomogeneous transverse structure
related as tensity. Phase conjugation of an input against a high power beam with a diffrac-

tion-limited divergence. Speckles can also
be generated by the defects of optical ele-

S- (k- l)AI,[l 1+ + • (-T,)] + ORk0, ments; (2) when a weak signal with the dif-
fraction-limited divergence is amplified in

- (k - l)'A1,[ I + F4 + N(-To))2 + vit2ii,0( + 2Ný). a narrowband amplifier. It is necessary
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Two-Wave Mixing in Nonlinear Media
POCHI YEH, SENIOR MEMBER, IEEE

(Invited Paper)

Abstract-The coupling of two electromagnetk waves In various as well as the coupling of two laser beams using relatively
nonlinear media is treated. The nonlinear media considered include low light intensities (e.g., I W/cm2 ). Optical phase con-
photorefractive crystals, Kerr media, etc. Tbe theory, some of the ex- .
periments, and several applicatious are described. Jugation via four-wave mixing in nonlinear media also in-

volves the formation of a volume index grating. The main

I. INTRODUCTION difference between two-wave mixing and phase conjuga-
tion via four-wave mixing is that in four-wave mixing, a

'T O-WAVE mixing (sometimes referred to as two- third beam is used to read out the volume hologram,
Ibeam coupling) is an exciting area of research in non- whereas in two-wave mixing, the same beams read the

linear optics. This area involves the use of nonlinear op- mutually-induced volume hologram. To satisfy the Bragg
tical media for the coupling of two electromagnetic waves, condition, this third beam must be counterpropagating
especially the energy exchange between them. relative to one of the two beams that are involved in the

Two-wave mixing is a physical process which takes ad- formation of the volume hologram. In two-wave mixing,
vantage of the nonlinear response of some materials to the the Bragg condition is automatically satisfied.
illumination of electromagnetic radiation. For example, In this paper, we first describe briefly the physics of the
let us consider the interference pattern formed by two laser photorefractive effect. A coupled-mode theory is then de-
beams in a nonlinear medium. Such a pattern is charac- veloped to analyze the coupling of two coherent electro-
terized by a spatial variation (usually periodic) of the in- magnetic waves inside a photorefractive medium. Both
tensity. If the medium responds nonlinearly, then an in- codirectional and contradirectional coupling are consid-
dei variation is induced in the medium. The process of ered. The coupled-mode theory is then extended to con-
forming an index variation pattern inside a nonlinear me- sider the case of nondegenerate two-wave mixing. This is
dium using two-beam interference is similar to that of followed by a discussion of the fundamental limit of the
hologram formation. Such an index variation pattern is speed of photorefractive effect. The concept of an artifi-
often periodic and is called a volume grating. When the cial photorefractive effect is then introduced. In the sec-
two waves propagate through the grating induced by them, tion that follows, we consider the coupling of two polar-
they undergo Bragg scattering [1]. One beam scatters into ized beams inside photorefractive cubic crystals. The
the other and vice versa. Such scatterings are reminiscent formulation is focused on the cross-polarization two-beam
of the read-out process in holography 12). coupling in semiconductors such as GaAs. In Section IV,

Energy exchange between two electromagnetic waves we treat the coupling of two electromagnetic waves inside
in nonlinear media has been known for some time. Stim- a Kerr medium and discuss the electrostrictive Kerr effect.
ulated Brillouin scattering (SBS) and stimulated Raman A new concept of nonlinear Bragg scattering is intro-
scattering (SRS) are the best examples [3]. Both of these duced. We also point out the similarity among various
processes require relatively high intensities for efficient kinds of two-wave mixing, including SBS and SRS. In the
coupling. Recent interest in two-wave mixing arises from last section, we discuss several applications of two-wave
the strong nonreciprocal energy exchange at relatively mixing. These include photorefractive resonators, optical
lower inten-ities between two coherent laser beams in a nonreciprocity, resonator model of self-pumped phase
new class of materials called photorefractive crystals. In conjugators, real-time holography, and nonlinear optical
addition, these materials are very efficient for the gener- information processing.
ation of phase-conjugated waves [4]-[6]. Materials such
as barium titanate (BaTiQ 3) and strontium barium niobate 11. PHOTOREFRACTIVE MATERIALS
(Sr1 Bal -, Nb2O6 , SBN) are by far the most efficient non-
linear media for the generation of phase-conjugate waves, The photorefractive effect is a phenomenon in which

the local index of refraction is changed by the spatial vari-

Manuscript received May 20, 1988; revised July 24, 1988. This work ation of the light intensity. Such an effect was first dis-
was supported in part by the Office of Naval Rese.rch under Contracts covered in 1966 (71. The spatial index variation leads to
N00014-85-C-0219, N00014-89-C-0557, N00014.88-C-0230, and a distortion of the wavefront, and such an effect was re-
NO0004.88-C-0231. ferred to as "optical damage." The photorefractive effect

The author is with the Rockwell International Science Center, Thousand

Oaks. CA 9136C. has &:nce been observed in many electrooptic crystals, in-
IEEE Log Number 8825875. cluding LiNbO3, BaTiO 3, SBN, BSO, BGO, GaAs, lnP,

0018-9197/89/0300-0484$01.00 © 1989 IEEE
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etc. It is generally believed that the photorefractive effect where riA is the electrooptic coefficient (with i,j, k = X,
arises from optically-generated charge carriers which mi- y, z).
grate when the crystal is exposed to a spatially-varying
pattern of illumination with photons having sufficient en- B. Degenerate Two-Wave Mixing
ergy. Migration of the charge carriers due to drift or dif- We now consider the interaction of two laser beams in-
fusion produces a space-charge separation, which then side a photorefractive medium (see Fig. I). If the two
gives rise to a strong space-charge field. Such a field in- beams are of the same frequency, a stationary interference
duces refractive index change via the Pockels' effect. This pattern is formed. Let the electric field of the two waves
simple picture of the photorefractive effect explains sev- be written
eral interesting steady-state optical phenomena in these E = A 1,2 (6)
media. -'

where A1, A2 are the wave amplitudes, w is the angular
A. Kukhtarev-Vinetskii's Model frequency, and k,, k 2 are the wave vectors. For simplic-

Although there are several models for the photorefrac- ity, we also assume that both beams are polarized perpen-
tive effect [8]-[ 11, the Kukhtarev-Vinetskii model is the dicular to the plane of incidence (i.e., s-polarized).
most widely accepted one [8]. [91. In this model, the pho- Within a factor of proportionality, the intensity of the
torefractive materials are assumed to contain donor and electromagnetic radiation can be written
acceptor traps. These traps which arise from the imper- I EI' I + E2
fections in the crystal, create intermediate electronic en-
ergy states in the bandgap of the insulators. When photons Using (6) for the electric field, the intensity can be written
with sufficient energy are present, electronic transitions 2 -j.-
due to photoexcitations take place. Asaresultofthetran- I = iAd + 1A,2  + A 1A~e + AIA~e (8)
sitions, charge carriers are excited into the conduction where
band and the ionized donors become empty trap sites. The
rate of carrier generation is (sl + P)(ND - N' ), whereas K = '2 - k9 - (9)
the rate of trap capture is -yRNN'. Here, s is the cross
section of photoionization, ji is the rate of thermal gen- The magnitude of the vector k is (2w/A), where A is the
eration, yR is the carrier-ionized trap recombination rate, period of the fringe pattern. The intensity [(8)] represents
and N and ND* stand for the concentration of the carriers a spatial variation of optical energy inside the photore-
and ionized traps. ND is the density of the donor traps. fractive medium. According to Kukhtarev's model, such

The space-charge field produced by the migration of the an intensity pattern will generate and redistribute photo-
charge carriers is determined by the following set of equa- carriers. As a result, a space-charge field is created in the
tions: medium. This field induces a volume index grating via the

a a Pockels effect. In general, the index grating will have a
N = N - - V - () spatial phase shift relative to the interference pattern [8].a 1 N : e The index of refraction including the fundamental cam-

= (si + )(ND - N+) - NN' (2) ponent of the intensity-induced gratings can be written
n, ,AIA"2n=?10 + e exp-iK. -) + c. c. ((10)

J =epN(E-LT V log N)+ pFe (3)
where

V ((d') = e(N, + N - ND) (4) 4. = I, + 12 A 1I112 + IA 2 . (A1)

where F is the unit vector along the c axis of the crystal,
I is the light intensity, NA is the acceptor concentration, no is the index of refraction when no light is present, 4 is
p is the mobility, T is temperature, k is the Boltzmann real, and n, is a real and positive number. Here again, for
constant, n is the index of refraction, t is the dielectric the sake of simplicity, we assume a scalar grating. The
tensor, pl is the photovoltaic current, and p is the photo- phase 0 indicates the degree to which the index grating is
voltaic constant. E'C stands for the space-charge field. k shifted spatially with respect to the light interference pat-
is the total field which includes E' and any external or tern. In photorefractive media that operate by diffusion
internal fields (such as chemical or internal ferroelectric only (i.e., no external static field), e.g., BaTiO3 , the
fields), magnitude of .0 is w/2 with its sign depending on the

As a result of the presence of the space-charge field, a direction of the c axis. K is the grating wave vector and
change in the index of refraction is induced via the linear 1o is the sum of the intensities. The parameter n, depends
electrooptic effect (I (Pockels effect): on the grating spacing and its direction, as well as on the

material properties of the crystal, e.g., the electrooptic
= (5) coefficient. Expressions for n,e"' can be found in 191 and
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where 0 is the angle between the beam inside the medium,
€-AXIS €-AXIS and no is the index of refraction of the medium.

Substituting (14) for 01 and 02 in (13), and using (w/c)
. A-. = A2  = 2r/X, we obtain

Az.......•d Vni -l 2A CtS.---.A, A, - -A,

dt XI. cos (6/2)2

.0 zL CRYSAL d A '# AI VA - A2  (15)
(a) (b) Az T-iX. cos (0/2) ' 2

Fig. I. (a) Schematic drawing of codirectional two-wave mixing. (b) where we have added terms that account for the attenua-
Schematic drawing of contradirectional two-wave mixing. tion and of is the bulk absorption coefficient.

We now write
The finite spatial phase shift between the interference

pattern and the induced volume index grating has been A, = r exp (-iol)
known for some time [8], [12]. The presence of such a A2 = (-i¢2 ) (16)
phase shift allows for the possibility of nonreciprocal

steady-state transfer of energy between the beams [9], where 4' and ý2 are pnases of the complex amplitudes AI
[13]-[15]. To investigate the coupling, we substitute (10) and A2, respectively. Using (16) and (11), the coupled
for the index of refraction and E = El + E2 for the elec- equation (15) can be written as
tric field into the following wave equation: d

0,2 --2I = --y a+ 1
V2E + n2E = 0 (12) dz

1d 3 ' 12 (17)

where c is the velocity of light. d 12 1=12, _ + 12 (17)

We assume that both waves propagate in the xz plane.
Generally speaking, if the beams are of finite extent (i.e., and
comparable to the intersection of the beams), the ampli- d 12
tudes may depend on both x and z. Here we assume, for -2
the sake of simplicity, that the transverse dimension of dz 1= + k'
the beams is of infinite extent so that the boundary con- d 11
dition requires that the wave amplitudes A, and A2 be -- 2 (18)
functions of z only (see Fig. 1). We will solve for the dz 2 + 12
steady states so that AI and A2 are also taken to be time- where
independent. 21rn,

Using the slowly-varying approximation, i.e., sin • (19)

d X cos (=/2)
dZ d = 1,2r, Cos (20)

X cos (0/2)we obtain

d A 2non, The solutions for the intensities 11(z) and 12(z) are [16]
2ic i I +-iA AA

d l2 1(z) =1(0) + m-le"e (21)

2i032 •-A 2 = O eU'A*AIA 2  (13) 1 +mYZ 12(Z) = 12(0) 1 + me -O (22)

where 01 and 12 are the z components of the wave vectors

k, and k2 inside the medium, respectively. The energy where m is the input intensity ratio
coupling depends on the relative sign of 01 and 12. Thus,
two-wave mixing is divided into the following two cate- 11(0) (23)
gories. 12(0)

1) Codirectional Two-Wave Mixing (031032 > 0):
Referring to Fig. i(a), we consider the case when the two Note that in the absence of absorption (at = 0), 12(z) is
laser beams enter the medium from the same side atz an increasing function of z anC -) is a decreasing func-
0. Without loss of generality, we assume that tion of z, provided -y is positi- 'he sign of -y depends

on the direction of the c axis. t itic result of the coupling

13 = 132 =kcos(0/2) norcos(0/2) (14) for -y > 0 in Fig. I, beam 2 gains energy from beam 1.
If this two-wave mixing gain is large enough to overcorne
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the absorption loss, then beam 2 is amplified. Such an I I ft..
amplification is responsible for the fanning and stimuiated v.lo m, #- 10.

scatterings of laser beams in photorefractive crystals [17). 102

With lI(z), 12(z) known, the phases €j and 02 can be 102 ' "

obtained by a direct integration of (18). Substituting (21) 10
and (22) into (18) for It and 12. respectively, we obtain 

.

0o dkz' (2)I-.

02(z) - 02(0 ) = 1 + M - Ie '(2 14 ) - 2

Note that this photorefractive phase shift is independent 0 0j.2 0.4 -01 0.3 1.0

of the absorption coefficient a. Carrying out the integra- L Ito
tion in (24), we obtain Fig. 2. Gain versus L for various values of mn.

0 2(z) - t.2(0) = In ( + Me-'" (25) and

From (18), w e note that + 1m= / i d+ /" '012

ddz NI' + 02) =3.(26) d I2=iý 1 (31)

Thus, #1(z) can be written dz2 I1 + 12

where 3 and -y are phase and intensity coupling constants
01(Z) - tkl(0) = Z - [0'2(z) - 02(0)] and are given by

-0 In nz + I1' (27) 2r, sin 0
- (M + e' -) ( X cos (0/ 2 )

If we refer to A2 as the signal beam, then a useful param- wn c
eter is the gain X cos (0/2)

12( L) 1 + m e-oL

12(0) = I + me- L (28) Comparing with (17) and (18), we notice the sign differ-
ence in these equations for beam 2.

where we recall that m is the intensity ratio at input face The solutions for (30) and (31) can be obtained in closed(z = 0). Fig. 2 plots the gain as a function of the length form for the case when a = 0 (i.e., lossless). In the loss-
of interaction L for vatious es a funtoof m. less case, we note that the Poynting power flow along +z

of iterctin L or arius vlue ofin.is conserved, i.e.,
2) Contradirectional Two-Wave Mixing: We now con-

sider the case when the two beams enter the medium from d iI _ /2) 0 (32)
opposite faces, as shown in Fig. 1(b). In codirectional dz
two-wave mixing, the sum of the beam power is a con- and the solution of(30) with a 0 is [I8)
stant of integration provided the medium is lossless,
whereas in contradirectional two-wave mixing, the differ- 11(z) = -C + VC2 + B exp -Tz)
ence of the beam power (i.e., net Poynting power flow)
is a constant. In addition, the coupled-mode equation 12(z) = C + IC 2 + B exp (--yz) (33)
which governs the wave amplitudes is also different from where B and Care constants and are related to the bound-
that of codirectional coupling. This leads to qualitative ary condition. B and C can be expressed in terms of any
differences in the energy exchange between the two waves two of the four boundary values It(O), 12(0), II(L) and
in two cases. 12(L), where L is the length of interaction. In terms of

Let t1(0) and 12(0), B and Care given by
71.

=--32 = k cos (0/2) = n, cos (0/2) (29) B = 1,(0) /2(0)

where 0/2 is the angle between each of the beams and the C = 112(0) - !1(O)J/2. (34)
z axis, Substitution of (29) for 01 and (2 in (13) yields a In practice, it is convenient to express B and C in terms
similar set of coupled equations. Using (16), such a set of the incident intensities 11(0) and 12(L). In this case, B
of coupled equations becomes and C become

d /it2 1,(0) + 12(L)
Zl - I+12 - B +I(0) 12(L) 12(L) + 11(0) exp (--yL)

d = I' I 12(L) - 1 2(0) exp (- -yL)

dz I 12 -- - + 12 2 12(L) + 11(0)exp (--yL) (35)
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According to (30), both i1(z) and 12(z) are increasing =LAIVIE INUTNSI,

functions of z, provided -y is negative. The transmittance
for both waves, according to (34) and (35), are

i 1(L) I + m-1
I1(= ) 1 + m-' exp (yL)

12(0) I + m (36)
t 12(L) I + m exp(- yL) (36)-----------

where m is the incident intensity ratio ma 11(O)/1 2(L).

Note that rt < 1 and 12 > I for positive y. The sign of 'y
depends on the direction of the c axis. It is interesting to ,2t(ol ,-
note that these expressions for transmittance are formally L
identical to those of the codirectional coupling, even
though the spatial variations of 11(z) and 12(z) with re-
spect to z are very different. Note that tI and t2 are related Fig. 3. Intensity variation with respect to z in photorefractive crystals. The

by t2 = ti exp (-yL). coupling constant is taken as •t = -10 cm-' and interaction length L is

The relative phase of the two waves is obtained by solv- 2.5 mm. The dashed curves are for the lossless case (i.e.. a - 0). The
solid curves are obtained by numerical integration including the loss (a

ing (30) in cooperation with (33), and is given by = 1.6 cm"). The dotted curves are the approximate solution (38).

02z O .t = - iz + constant (37)
- = ot0.10. Note that even with the presence of absorption,

where 0 is the phase coupling constant. The relative phase the transmittance can still be greater than unity.
varies linearly with z, and thus leads to a change in the By using the approximation solution [(38)], the trans-

grating wave vector by 0/2 along the z direction (i.e., mittances become

the grating wave vector becomes K - •J3f). tI = m- 1 exp -aL)
The nonreciprocal transmittance of photorefractive me- 1 + m1 exp (-,L)

dia may have important applications in many optical sys- I +
tems. It is known that in linear optical media, the trans- t2 = .la(
mittance of a layered structure (including absorbing I + m exp (-"yL)exp (-aL). (39)
material) is independent of the side of incidence (the so- There are two extreme cases worth mentioning. In the
called left and right incidence theorem). Right now, with case when 12(L) » 11(0), i « 1, the transmittances
the photorefractive material available, it is possible to become t -- exp [( -y - cs)L] and t2 - exp (-ctL),
make a "one-way" window which favors transmission whereas in the case when I1(0) >> 12(L), m >> 1, the
from one side only. These applications will be addressed transmittances are tI = exp ( -aL) and t2 " exp [(-y -
later in Section V-C. c)L].

The solutions of (33) did not take into account the effect
of the bulk absorption of light. The attenuation due to C. Nondegenerate Two-Wave Mixing
finite absorption coefficient is reflected by the -ct/1 term When the frequencies of the two laser beams are differ-
on the right-hand side of the first equation in (30), and the ent, the interference fringe pattern is no longer stationary.
+ CX 12 term on the RHS of the other equation. With these A volume index grating can still be induced provided the
two additional terms accounting for bulk absorption, fringe pattern does not move too fast. The amplitude of
closed-form solutions are not available [19]. However, the index modulation decreases as the speed of the fringe
(30) can still be integrated numerically. It is found that a pattern increases. This is related to the finite time needed
very good approximate solution is for the formation of index grating in the photorefractive

!I'(z) = I•O(Z) exp (-cz) medium. In the next section, we will consider the funda-
mental limit of the speed of photorefractive effect.

12((z) = /*"(z) exp [a(z - L)]. (38) Let w, and w)2 be the frequency of the two beams. The
electric field of these two beams can be writtenThe approximation is legitimate provided a « << y" I. =12(0

Fig. 3 illustrates the intensity variation with respect to Ej = A, e"'l j 2 (40)
z for the case when "y =- 10-I cm, a = 1.6 cm-t, and where kL and k'2 are the wave vectors and A,. A2 are the
L = 2.5 mm. If the loss were neglected (i.e., a 0), wave amplitudes. The intensity of the electromagnetic ra-
the transmittance would be t = 1.81 and t2 = 0.15. With diation, similar to that given by (8), can be written
S= 1.6 cm", the transmittances become it = 1.27 and
t2 = 0.11 according to a numerical integration. The ap- I = IAI: + IA2I + A+ AAt* + AA
proximate solution ((38)1 would lead to tj = 1.21 and t2 (41)

III
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where where -y is the coupling constant for the case of degen.
erate two-wave mixing (i.e., (I = , - w2= C) and is

OW 2= I -given by

K=k2 - k,. (42) 4An,h

Such an intensity distribution represents a traveling fringe X, cos (4
pattern at a speed of In deriving (48), we have used r/2 for 0). in (46).

fl OA The two-wave mixing gain can be writtenV~ ... (43)

12(L) I + m (50)
where A is the period of the fringe pattern. 12(0) I + me"' e

The index of refraction including the fundamental com-
ponent of the intensity-induced grating can be writtcn where we recall that m is the input beam ratio m =

pnn IiA(l1(0)/1:(0) and L is the length of interaction.

n = n , + !-I exp [ifc Fig. 4 shows the signal gain [(50)] as a function of the
2( frequency detuning Or for various values of m. We note

that for the case of pure diffusion, signal gain decreases
(44) as 07 increases. This is true for both codirectional and

where contradirectional coupling. When Or >> 1, the intensity
= 2 IA' (45) coupling constant y decreases significantly. The time con-

I, +'2 I: )stant 7 depends on materials as well as on the intensity of

Sis real and n, is a real and positive number. Here again, the laser beams. The fundamental limit of such a time
for the sake of simplicity, we assume a scalar grating. The constant 7 is discussed next.
phase 4' indicates the degree to which the index grating is
shifted spatially with respect to the light interference pat- D. Speed of Photorefractive Effect-Grating Formation

tern. According to [201, 4 and n, can be written, respec- Time

tively, as As mentioned earlier, photorefractive crystals such as
BaTiO3, SraBa,_,Nb206 (SBN), Bi12SiO20 (BSO), etc.,

tn- ' (are by far the most efficient media for the generation of
and phase-conjugated optical waves using relatively low light

2 intensities (1-10 W/cm2). In addition, these materials
ni ( 2)1/2 An, (47) also exhibit several interesting and important phenomena

(I + 7 )such as self-pumped phase conjugation, two-beam energy
where 7 is the decay time constant of the holograph grat- coupling, and real-time holography. All of these phenom-
ing, an, is the saturation value of the photoinduced index ena depend on the formation of volume index gratings in-
change, and 0. is a constant phase shift related to the non- side the crystals (8], 19].
local response of the crystal under fringe illumination. One of the most important issues involved in device
Both parameters an, and 0. depend on the grating spacing applications is the speed of the grating formation (or the
(21/K) and its direction, as well as on the material prop- time constant r). Such a speed of the light-induced index

erties of the crystal, e.g., the electrooptic coefficients. gratings has been investigated theoretically using Kukh-
Expressions for An, and 0. can be found in 19] and [10]. tarev's model and others, as well as experimentally in
In photorefractive media, e.g., BaTiO 3, that operate by various crystals [8]-110], [21]. The issue of fundamental
diffusion only (i.e., no external static field), the magni- limit of the speed of photorefractive effect has been a sub-
tude of 0, is ir/2 with its sign depending on the orienta- ject of great interest recently. Using Kukhtarev's model,
tion of the c axis (note that these crystals are acentric). let us examine the four fundamental processes involved

Following the procedure similar to the one used in the in the photorefractive effect in sequence: I) photoexcita-
previous section, coupled equations for the intensities tion of carriers, 2) transport, 3) trap, and 4) Pockels ef-
11(z). 12(z) and the phases 1W(z), 02(a) are obtained. fect. The photorefractive effect is a macroscopic phenom-
They are formally identical to those of the degenerate enon and requires the generation and transport of a large
case, i.e., (17) and (18) for codirectional coupling and number of charge carriers. We note that without the pres-
(30) and (31) for contradirectional coupling. The intensity ence of charge carriers, photorefractive gratings can never
coupling constant -y however, is now a function of the be formed, and no matter how fast the carriers can move
frequency detuning 0. (even at the speed of light, 3 x 101 m/s), the formation

For crystals such as BaTiO3 that operate by diffusion of index grating is still limited by the rate of carrier gen-

only, the coupling constant can be written, according to eration. Therefore, although each of the four processes
(19). (46), and (47), as involved imposes a theoretical limit on the response time

of photorefractive effect, the fundamental limit of the
'' = /[ 1 + (01)"] (48) speed of photorefractive effect is determined by the pho-
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stant -f and is inversely proportional to the light intensity.
Equation (51) is the expression for the minimum time re-"A .. I quired for the formation of an index grating which pro.

tot ",SoN2 •vides a coupling constant 'y.
A figure-of-merit for photorefractive material is often

defined as

Q(52)

Table I lists such parameters for some photorefractive ma-
terials. Using such a parameter, the photon-limited time
for the index grating formation becomes

0h 2( \(y\

(hp -(53)Fig. 4. Signal gain•g as a ftnctton of Or for various valucs of m. e e ,iQ") (53)

Here, we note that this photot, 'mited time is inversely
toexcitation of carriers and not by the carrier transport. In proportional to the material's figure-of-merit and is pro-
other words, the charge carriers must be generated before portional to the coupling constant 'y.
they can be transported. Any finite time involved in the We now discuss this photon-limited time for the for-
transport process can only lengthen the formation time of mation of an index grating which yields a coupling con-
the grating. From this point of view. the fundamental limit stant of I cm-'. For materials such as BaTiO3 , SBN,
may also be called the photon-flux limit, or simply the BSO, and GaAs, the figurc-of-merit Q is of the order of
photoexcitation limit. Although the fundamental limit can I (see Table I) in MKS units (M'/FV). In many of the
be derived from (1)-(4) of Kukhtarev's model, it has been experiments reported recently, h/ is approximately 2 eV,
recently derived using a relatively simple method [22]. ( X/A) is of the order of 0.1. We further assume that the
Such a fundamental limit has been confirmed experimen- photoexcitation absorption coefficient is 0.1 cm- 1 and that
tally [23). In the limit when the crystal is illuminated with the quantum efficiency i is 100 percent. Using these pa-
infinite intensity, the speed of the photorefractive effect rameters and a light intensity of I W/cm2, (53) yields a
will be limited by the charge transport process [241. photon-limited time constant of 0.15 ms. This is the min-

Assuming that the separation of a pair of charge parti- imum time required for the formation of an index grating
cles requires the absorption of at least one photon, we can which can provide a two-wave mixing coupling constant
calculate the energy required to form a given volume in- of I cm-1. By virtue of its photoexcitation nature, the
dcx grating. To illustrate this, let us consider the photo- photorefractive effect is relatively slow at low intensities
refractive effect in BaTiO 3. Generally speaking [10], an because of the finite time required to absorb the photons.
efficient beam coupling would require a charge carrier Table I1 shows the comparison between the measured time
density of approximately 1016 cm- . Such a charge sep- constants with the calculated minimum time from (53).
aration would require the absorption of at least 1016 pho- The only way to speed up the photorefractive process is
tons in a volume of I cm 3. Using a light intensity of I %V by using higher intensities. Fig. 5 plots this minimum time
in the visible spectrum, the photon flux would be approx- constant for BaTiO3 (or GaAs) as a function of intensity.
imately 10'9/s. Thus, assuming a quantum efficiency of The photoexcitation process imposes a fundamental
100 percent, it takes at least I ms just to deposit enough limit on the speed of photorefractive effect at a given
photons "o create the charge separation. The actual grat- power level. The time constant given by (51) here is the

.ing formation time can be much longer because not all of absolute minimum time required to generate a volume
the charge carriers are trapped at the appropriate sites. grating of given index modulation. We assume that the

According to the model described in [22). the minimum transport is instantaneous and the quantum efficiency is
time needed for the formation of an index grating, which unity. Thus the derived time constant is the absolute min-
provides a coupling constant of -y. is given by imum time. Any finite time involved in the transport pro-

cess can only slow down the photorefractive process.
"23,(1 The fundamental limit discussed here can also provide

e\-/\/V/ r-j q lr important guidelines for many workers in the area of ma-
terial research. For example, if we compare it with the

where hi, is the photon energy, e is electronic charge, X experimental results, we find that the time constant of
is wavelength of light. A is the grating period, a, is pho- some materials (e.g., BaTiOi, SBN) is two orders of
torefractive absorption coefficient, V is the quantum effi- magnitude larger than the fundamental limit. Thus, the
ciency, t is dielectric constant, r is the relevent electroop- calculation of such a fundamental limit and a simple corn.
tic coefficient, and I is the intensity of light. Note that the parison point out the room for improvement by either in-
time constant is directly proportional to the coupling con- creasing the photorefractive absorption or the quantum ef-
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TABLE I

FMoval-oW-Mulnra SOMI PHO"ORAlRACTIVI MATI..• A 1221

- , ' rop,', -

Matentls pm pm/V a ,/,. pm/V.. Q(MKS)

BSTiO, 0.5 r 1640 a, - 2.4 - 3600 6.3 0.71
S$N 0.5 P,3 - 1340 ,-2.3 .,-3400 4.1 0.54
OaAS I,. J ,, - 1.43 a, - 3.4 a * 12.3 4.7 0.53
Bso 0.6 ',, 5 n-2.54 S-56 15 0.17
LUNbO, 0.6 ,,, - 31 a, 2.2 e: - 32 103 1.16
UTaO, 0.6 - 31 a, 2.2 .) - 45 7.3 0.13
KNbO, 0,6 - 330 a - 2.3 a, - 240 19.3 2.2

"The figum.-ofmerit Q deptns on tlh tonAfgumion of nier•ution.

TABLE It
COMPARISON OF MIASUIWD TmIt CONSTANTS T AND TI' FUNDAMtNTAL LtT .*

X, A,. . * ,-
Materials pam 4m Sem" e a Rema6$

GaAs 1.06 1.0 3.2 0.4 s0 x t0o' 43 x 10"" (25)
GaAs:Cr 1.06 I.1 4.0 0.6 53 x 10" 31 x 10' (26)
BaTiO, 0.515 1.3 1.0 20.0 1.3 2 x 10" (27)

SO 0.568 23.0 0.13 30.0 15 X t0"- 2 x 30"- (28)
SBN 0.515 1.5 0.1 0.6 2.5 6 X 10", (29)
SBN:Ce 0.515 1.5 0.7 14.0 0.1 2 X 10-' (29)

, and t am time constants at incident intensity of I W/cm'.
bt is the calculated time constant by using (53) and aslsuming a quantum efficiency of I.

0 . , number of photons at a given power level. By counting
the total number of photons needed for the formation of

1 an index grating, the photon-limited time constant is de-
] t- rived. This time constant is inversely proportional to the

light intensity. We further estimated this minimum time
10`4 constant for some typical photorefractive crystals. Such a

fundamental limit provides important guidelines for re-
searchers in the areas of device application and material
research.

Ill. PHOTOREFRACTIVE Two-WAVE MIXING IN CUBIC

CRYSTALS

0 • ~. •~ Photorefractive two-beam coupling in electrooptic
suian, e.,0 lt 6 crystals has been studied extensively for its potential inFig 5. Fuadamenta) limi of the speed of phoorftrta•e eRect of BaTtO, many applications. Much attention has been focused on

(of aAsI) witth couplag constant Oft 1 crm materials such as BaTiO3 , BSO. SBN, etc., because of
their large coupling constants (see. for example, Table
II). Although these oxide materials are very efficient for

ficiency. There are some materials (e.g., GaAs) whose two-beam coupling, they are very slow in response at low
photorefractive response is close to the fundamental limit, operating powers 1221. Recently. several experimental in-
leaving no more room for further improvement by any vestigations have been carried out to study two-wavc mix-
means (e.g., heat treatment, doping, or reduction.) Re- ing in cubic crystals such as GaAs. which responds much
cently. highly-reduced crystals of KNbO, were prepared faster than any of the previously mentioned oxides at the
which exhibit a photorefractive response time very close same operating power 1251, (261,
to the fundamental limit (231. In addition to the faster temporal response, the optical

In summary, the photorefractive effect is a macroscopic isotropy and the tensor nature of the electmoptic coeffi-
phenomenon. It involves the transport of a large number cients of cubic crystals allow for the possibility of cross-
of charge carriers for the formation of any finite grating, polarization coupling. Such cross-polarization two-wave
The fundamental limit is the minimum time needed for mixing is not possible in BaTiO) and SIN because of the
the generation of these carriers. The speed is fundamen- optical anisotropy, which leads to velocity mismatch. The
tally limited by the finite time needed to absorb a large velocity mismatch also exists in BSO crystals because of
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the circular birefringence. A number of special cases of
two-wave mixing have been analyzed. Recently, a gen-
eat theory of photomrefctive two-wave mixing in cubic
crystals 'was developed (301. Such a theory predicts the
existence of cross-poLarization signal beam amplification.
These cross-polarization couplings have been observed in
GaAs crystals [31t-1331. In what follows, we describe the F. . Schaic d4mwfs of photormftcuti two-beam co.ibmg in cubw
coupled-mode theory of photorefractive two-wave mixing ¢•SUIS.
in cub~c crystals, especially those with point group sym-
metry of 43m. The theory shows that cross-polarization where t, is a 3 x 3 tensor, 0 is the spatial phase shift
two-wave mixing is possible in cubic crystals such as between the index grating and the intensity pattern. 0 is
GaAs. Exact solutions of coupled mode equations are ob- the angle between the beams inside the crystal, and I. is
tained for the case of codirectional coupling, given by

A. Copled-Mode Theory 1. - A: A, + A; A, + B," + B; B,. (S8)

Referring to Fig. 6, we consider the intersection of two For cubic crystals with point group symmetry of 43m.
polarized beams inside a cubic photorefractive crystal. t, is given by
Since themcrystal is optically isotropic, the electric field of 0 E, ,
the two beams can be written as ( E Ee (tEý 0 0E, (09)

E (YA, + /,A,) exp (-ik, ') i r\j',

+ ( YH, + jB,) exp (-ik' - 7) (54) wherer4t = r23 ý r312 = P121. and E,, E,. and E, are the

where k, and k2 are wave vectors of the beams. " is a three components of the amplitude of the space-charge
unit vector perpendicular to the plane of incidence, and field
t,, ý2 are unit vectors parallel to the plane of incidence Substitution of the index grating equation (56) into

and perpendicular to the beam wave vectors, respectively. Maxwell's wave equation leads to the following set of
Since each beam has two polarization components, there coupled equations:
are four waves involved and A,. A,,. 8,. and B, art am- d
plitudes of the waves. All of the waves are assumed to A, * e4 [ 1 ,,B, + r,.B,
have the same frequency. In addition, we assume that the 

20,

crystal does not exhibit optical rotation. (AB + A,i; cos 0)//,,
In the photorefractive crystal (from z = 0 to z = L).

these two beams generate an interference pattern, a, t - e-[l'.A, + riA,)

E E= A,*A,+ A,.*A, +87,*8, + Br* , d.-

+ [(A,: + A,;,6, . (A,*8, + A; 83, cos9/,+ [(A.Hý; + Ar~,*;.,• )
d

-ep(4X ? + CýC.I (55) dA ~'e(',8

where l - ki is the grating wave vector, and c.c. • (AB + A,•, cos 0)/I
represents the complex conjugate, We note that there are d
two contributions to the sinusoidal variation of the inten- d - e. l',:,A, +
sity pattern. As a result of the photorefractive effect, a ' a.,
space-charge field E" is formed which induces a volume - (A: B. + Ar*, 8,Cos 0)/1 (60)
index grating via the Pockets effect,

where I' 4.ljZt•*j¢ (61)

where t o is the dielectric permittivity of vacuum, n is the
index of refraction of the crystal, r', is the electrooplic and
coefficient. andEAis the k component (L - .. yZ)ofthe (.jl ,J) i. J -. i. jp (62)
sp•ce-charge field. The fundamental component of the in-
duced grating can be written and i,. : are the : components of the wave vectors

As indicated by the subsunpts, l'Xs arc the coupltig
At t - I,[G(A,,8 4+ A,, 8, cos G) constants between the ith and jth polarized wavet, Thus,

r'. and r,,., are the parallel coupling constamts, and l'e,.
p (•( 0 " ) + c.c.l)/), (57) l'.,am the cmis-coupling consuant.
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A similar set of equations had been derived by previous file ,,o9,

workers and exact solutions were obtained for the case of
codirectional parallel coupling [341. Here we focus our
attention on the case of cross-polarization coupling. In fio,
cross-polarization coupling, the s component of beam I is

coupled with the p component of beam 2. and the p com-

porent of beam I is coupled with the s component of beam (a) (b)

.2. F•ig 7. (a) A toesutioa (or coda•ec•iona e fois poftaniiioa eoupims in
a cubic c€yUiat .f point group symmuty 3m., (b) a coSfai5umio for

8. Codirtcional Cross Coupli., coerdimctioMI I crss CIO"hzAeUa c•o.aCMOsa m80 9 Class Of Cr$-

To illustrate the use of the coupled equation (60). in the

case of codirectional cross coupling, we consider a spe-
cial case in which the crystal orientation does no( allow relative phase of these two contributions is very important
the parallel coupling to occur. Such a two-beam coupling because it determines whether these two parts enhance or
configuration is shown in Fig. 7(a). The two beams enter destroy the index grating. Such a relative phase is deter-
the crystal in such a way that the grating wave vector is mined by the relative phases of the four amplitudes. Thus,
along the [ 1101 direction of the crystal. In this configu- the energy exchange among the four waves depends on
ration, the unit vector 1 is parallel to [0011 and the unit the input polarization states.
vectors p', p2 are perpendicular to 1001 ). The amplitude We now derive the solutions of these coupled equa-
of the induced index grating #, can thus be written, ac- tions. According to (67), the total intensity I* is a constant
cording to (59). (i.e., independent of z). Thus, it is convenient to nor-

"0'e 0 1 malize the beam amplitudes such that ab - 1. Here. re-

f2- 0( coupled equation. We will obtain the closed form solu-
1 )tions of these coupled equations for the case of no ab-

where E" is the amplitude of the space-charge field, sorption. In the case when the material absorption cannot
According to (63) and (62)e and after a few steps of be neglected, the solutions are obtained by simply multi-

algebra, the coupling constants can be written plying an exponential factor accounting for the absorp-
tion. This is legitimate provided that all four waves have

r -,, , 0 (64) the same attenuation coeficient.
To obtain the solutions of the coupled equation (67). it

r.•, ,, r, " rV,: =- r., = (2r/X)2~r'jE" Cos (8/2) is useful to employ some of the constants of integration

(65) which arc given by

where we assume that the beams enter the crystal sym- AA: + BIB,; , (69)
metrically such that AA; + B5B, - (70)

0e n •1 - (2/\),t cos (0/2). (66) AA; + B: 9, (71)
Wre now substitute (65) and (66) into the coupled equ3.

tion (60). This leads to A.8, - Ar5, - .. (72)

d Using a change of variable similar to that used in (3•1 anJ

ZA -'A, I_(AB: * .4,,; cm $)/1, (351. the coupled equations can be written

d B- )A,(A:8, + AOICo. #)/I.

d A, -).(A : * A, a; coa)/I. d f:(fCc,- 0 f (74)

d where
d, f.AA5 -AA, IA.. Ai, lit. (75)

*here we have Laken 0 - v/2. aW - is real a3n is given V " f - ,C" os # (76)
by k&quatjoW (T3) and (74) C A be kWCntbgatd, and the te-

•• - |(2:/3.),',,,•T' (6w' sults arcI' ,/, l-o - i(-q '!-" •C)j/
We nmtie f1ritr the coupled cquatiott (67) that thcere art

two contributtitsn to the hWarapbk tandct gttaai The (2r, CM 9)
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5- l,/ . - + q tath (q'.,z/2 + C')* l

(2c 2 cos 9) (77) i,.•

with

q1 44,CC + 02 (78)

where C and C' are constants of integration which are
detemined by the boundary condition at z - 0.

Once f and S are known, the intensity of all four waves
is given by

1A,.1 - I 1',C.- Ifglf: ,

I - 1/1•
I5,12 P- ,C2 - Ih:lfg , ___-,-_----I - tB,11 -"

, A, 1- C - I: g 12
(A, I-tf:!=

I - I! f ,

8,1 2  I2 C,- ffc

We now consider a special case of particular interest in
which the cubic crystal is sandwiched between a pair of
cross polarizers. Such a configuration is useful to elimi-
nate unwanted background radiation which often causes
noises in the detection of signals. The boundary condi-
tions in this case may be taken as

A,(O) = ,(O) = . (so)

Using (71) and (75)-(78), we havef(O) = :(0) 0, e•
0. and o - 0. and the solutions become

q 1 anh (rlz/ 2 )
2e, cos 0

twt (nZ2)Fkg * tm*&it u tS. *.sn w~ a.v pb=ttJ &5 tu&ftwtA& W~ *istaa. to#

2e,~I Co , I A,.)" t, 0 t 0) =- 0., €/ e, 0- 0 1) (16)l Ik ml e pwr It bma U
P--- ¢l*Ot t) Po-ieaite 61 ba altt"t bqtc 4tW #C4U•" i 6l 0 itm I j•wtmo,,, &M

whelc q NýVjeig thW# be.*A m I-F"L&FL. el/&. - 01

akitit # 03. and using (79). t imicasit) of the 'ow
wa,€% bccoftw% is coupled to the p comtioicat of the mtgtil beam IfX. arid

_____i¢onc-half of the iim~idean saigail eeig) X,(0) is coupled to
j** tath' (~~:/2) he P cotattoaftnt of the pumtp beam At a fcwult of the

opotsitp ttuesi in the wave athiitudcs (f < 0), the two
wt_,,___ howtibutims to the tide gatrm tlead to canzet each, 1 * t -th ( ,:/•2) twhec Thus. when the enerty of the p cottiponents teaches

I one halt of the tidvidet tettries. the cotupling ecease
. ...... It is pamitble that the p compti e of the sinal beam: * tI (t:!,) , ctVt' mol of the ittwidelt pump neitg .4, IFit

15,ih! tz/2) 410) tlluttatc-s a case tn which the puttp beam has both
I $ t~h~(~2) adP CoitPoem"t. Whereas the sign" beams is t-PLW-

tied We Amt " foe mroiq Cowin; o f L >> 0). aost
wheee I.40f~~~[8(0)l Ft~t Oka) shows the of the efterty 0f the J cospsewat Of the Pump Neans 6s

warwittoa of thesuc mssistles a% fUnctions of posm&"ft te e•oPleJ tW the p cotipoeft Of The Signal beaM '1C &ho.
the case of 4-.1t, '4 0 1 We nOtt that to# atr Coupnphn ttppocal triatcf of ean~ef is Ve in•-l-a to tht of .
(,L» I ). os-Wh41 of the • •cutut pump enerty A.(O iV0110on031 twowavc atiaun•
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The exact solutions of (77) and (79) are useful when They are given by
the coupling is strong (-yL >> 1) and the energy ex-
change is significant. For the case of weak coupling (-yL f = A./AJ =- + q tanh (ieqyz/2 + C)]/
<< I ), or very little pump depletion, we may assume that (2.c Cos 9) (88)
the pump beam amplitudes (A,, Ap) remain virtually un-
changed throughout the interaction. Under these condi- 8 = BB,1 [- + q' tanh (i,'qyz/2 +
tions. the coupled equations become (2c2 cos 6) (89)

dd; B, = -aB, + -tbB, where e is an exponential factor given by

e = exp 00)- (90)
dz B, = -ycB, + -'dB, (83) We note that the solutions are formally identical to the

previous case, except the complex phase factors ie* and
where a, b. c. and d are dimensionless constants and are -ie in the argument of the transcendental function. De-
given by viation from a = v/2 is known to occur in nondegenerate

a =IA,12 cos two-wave mixing (see (46)]. Such a deviation for the case
of degenerate two-wave mixing has been observed in ox-

b = A *A, /', ide crystals such as BaTiO 3 and Sro.6Bao.,Nb2O6 [36].
For the special case of particular interes: in which the

c = AA; cos 8/lo cubic crystal is sandwiched between a pair of cross po-

d = 1A2/l. (84) larizers, the boundary conditions are given by (8). Using
(71) and (75)-(78), we have f(0) = g(0) = 0. c3 = 0,

We note that the magnitude of all four of these constants and a = 0, and the solutions become
is less than unity.

The coupled equation (83) can be easily integrated and f= q tanh (ieq'yz/2)
the results are 2c, cos 8

B,(z) = {I[bB,(O) + aB,(0)] exp [(b + c)'yzl g q tanh (ie'q-yzl2) (91)
2c2 cos 0

+ [cB,(O) - aB,(0)I}/(b + c) where 2 2VI.

B {(z) = {c[bB,(0) + aB,(0)] exp [(b + c)-yz] Consider the special case of€ = 0. The solutions (91)

- b[cB,(0) - aBp(0)1}/[a(b + c)] (85) become

where B, (0) and B,(0) are the amplitudes of the signal f (2c, cos
beams at z = 0.

If we set B,(0) = 0 in (85), we obtain g iq tan (q-yz/2) (92)

Bs(z) = B,(0)[be""'" + c]/(b + c) 2c2 cos 0

B,(z) = B,(0)bc[e(b+c)z - l1/[a(b + c)]. (86) Taking 0 = 0, and using (79), the intensity of the four
waves becomes

If we assume further that yz << 1. (86) can be written
approximately as A, = c, cos' (qyz/2)

APA' ,,1 c2 sin' (q-yz/2)
B,(z) B,(0) + B,(0) - l 2 s q -c/2

'0 1B,1 =c 2 cos' (q-yz/2)

B,(0) = .. (87) BpI2 c, sin2 (q'yz/2) (93)
where cl = A, (0)1t, c2  ) IB,.(0)1 Note that the in-

We note that the amplitude of B, may increase or decrease tensities of these waves are periodic functions of z. This
depending on the polirization state of the pump beam A, is distinctly different from the case when 0 = 7r/2. The
whereas the amplitude B. is an increasing function of yz. case of 0 = 0 corresponds to a pure local response of the

In the above derivation, a spatial phase shift between material. Although the energy is exchanged back and forth
the index grating and the intensity pattern was assumed to between A, and B, as well as between A. and B,, there is
be exactly 7/ 2 , which corresponds to the case of pure no nonreciprocal energy transfer. In other words, there is
diffusion (i.e., no externally-applied static electric field). no unique direction of energy flow as compared with the
In the event when the spatial phase shift is not r/2, (69)- case when 4, # 0. For cases with 0 < I1 1 < ,r, nonre-
(72) are still valid and exact solutions are still available. ciprocal energy transfer is possible according to our so-
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lutions (88) and (89) with maximum energy transfer at 0 A,A; - BB, = C3
= ±w/2. A,B, - AB, = c 4. (99)

C. Contradirectional Cross Coupling

Referring to Fig. 7(b), we consider a case of contradi- Because lo is not a constant, the integration of the cou-

rectional coupling which does not permit the parallel cou- pled equation (97) is not as simple as that of (67). As of

pling to occur. The two beams enter the crystal in such a now, there is no closed form solution available. However.

way that the grating wave vector is along the 100 11 di- numerical techniques can be used to integrate the coupled

rection of the crystal. In this configuration, the unit vector equations.

s is parallel to 10101 and the unit vectors ; 1,h are per- AFor the case of no pump depletion, we may treat A, and

pendicular to (010]. The amplitude of the induced index A. as constants. In this case, the coupling equations for

grating el can thus be written, according to (59), B, and B. are identical to those of the codirectional cou-
pling, and the solutions are given by (85) and (86).

/0 1 I) insummary, we have derived a general theory of the

(I = nr 4f1 0 0,E (94) coupling of polarized beams in cubic photorefractive
crystals. As a result of the optical isotropy of the crystal

0 0 0 and the tensor nature of the holographic photorefractive

where E' is the amplitude of the space-charge field, grating, cross-polarization energy coupling occurs. Exact

According to (62) and (94), and after few steps of al- solutions for the case of codirectional coupling are ob-

gebra, the coupling constants can be written tained. Such cross-polarization coupling may be useful for
the suppression of background noises.r,, = r,: ==0

D. Cross-Polarization Two-Beam Coupling in GaAs
17, r17, 17, = r = n'E cos (0/2) (95) Crystals

where we assume that the beams enter the crystal sym- Cross-polarization two-beam coupling has been ob-
metrically [see Fig. 7(b)] such that served in GaAs crystals recently. The experimental re-

/01 =-2 = - (21r/X)n cos (0/2). (96) suits are in good agreement with the coupled-mode theory
presented earlier [31]-1331.

We now substitute (95) and (96) into the coupled equa- In a contradirectional two-beam coupling experiments
tion (60). This leads to as .described in [33], a 1.15 Am beam from a He-Ne laser

d is split into two by a beam splitter. The two beams inter-

dzz A, = -B'(AB5* + ApB' cos 0)/4o sect inside a liquid-encapsulated Czochralski (LEC)
grown, undoped, semiinsulating GaAs crystal from op-

d B, = ",/Ap(A*B, + Ap Bp cos 0)/4 posite sides of the (001) faces [see Fig. 7(b)]. The inter-

dz secting angle of two beams is approximately 168'. The
wave vector of the induced index grating is along the

AP = vB,(AB* + A.B* cos 0)/l4 1001 ] crystalline direction.
dz SOne beam, B, is polarized along the [010] direction (s-

d polarization) using a polarizer, which fits the condition of

dz BP = yA,(A* B, + A*Bp cos 0)/ (97) B(O) = 0. The other beam, A, is transmitted through
another polarizer (along the [ 100] direction), followed by

where we have taken 0 = ir/2, and -y is real and is given a half-wave plate, which is used to vary the polarization
by of the pump beam. The power of beams A and B is 80

mW/cm 2 and 1 mW/cm2 , respectively. The GaAs crystal
"y = j(2x/X)n 3 r 41Ei. (98) is 5 mm thick. The gain coefficient of the crystal mea-

sured with the regular beam-coupling configuration is
Notice that the coupled mode equation (97) is similar about 0. 1/cm. These values fit well with the conditions

to that of (67), except for the signs. The difference in signs of no beam A depletion and -YL << 1, which are used to
is due to the direction of propagation of the pump beam derive (87). A mechanical chopper, which operates at 100
(A&, Ap). As a result of this difference, the total intensity Hz, is used to modulate beam A. An analyzer is placed in
1, is no longer a constant. According to (97), (A* A, + front of a Ge photodetector. The analyzer is used so that
A; A, - BZB - BB,), which is proportional tothe net the intensity of both the s and p components of transmitted
Poynting power flow along the +z direction, is a constant beam B can be measured. The signal from the photode-
[371. There are other constants of integration. These in- tector was amplified by a current amplifier, whose output
clude can be used as the dc component of IB,(L) 12. A lock-in

amplifier is used to measure the ac component of I B,(L) 12A,*A, - B*BP , 12
P and I Bp(L)12 .

A;Ap - B* B, -c2 According to (87), the. beam intensities can be written
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,(L) 2 = I B,(0) l2 I + (sin 2U)-yL (100) in a sample of GaAs crystal [381. Using moving fringes
04 Iin the GaAs/Cr crystal, an even higher coupling coeffi-

18,p(L) 2 = IB,(0)I2[(cos (yL) 2I (101) cient of -y = 6 - 7 cm-' has also been reported [39].
Such coupling coefficients allow the possibility of net gain

where I B,(0) 12 is the intensity of beam B at z = 0 and 0 (amplification) in two-wave mixing.
is the angle between the Y vector and the polarization di-
rection of beam A. In addition, we have used the intensity IV. KERR MEDIA
of beam A to be approximately equal to 1. and neglected In the above discussion, we notice that the nonlocal re-
the (-yL) 2 term in the first equation of (87). There are sev- sponse (i.e., 0 # 0) in photorefractive media plays a key
eral interesting features in (87) which should be pointed role in the nonreciprocal energy transfer. The existing
out. IB,(L M 12may increase or decrease depending on the materials such as BaTiO3, LiNbO3, SBN, BSO, BGO, etc.polarization state of the pump beam A, whereas I Bp(L) 12 maeilsuhsBaOLibSNB ,BGec
is an increasing function of teLu Both IB,(L)12 and are very slow and are also effective only for visible light.
Is anincareasindepefuncti of 0L. BThe accomponend of Photorefractive crystals such as GaAs, CdTe, GaP, InP,
I B, (L) 12 are independent of 0. The ac component of and other semiconductors are faster and are also effective
a B,(L) 42 has a function of sin 2 =, which has a maximum in the near-IR spectral region 1251, 126]. However, for
a B (L) 450is afndcamionim of (cos 1350 whermas a high-power laser application, these solids are no longerIBp(L)l12 is a function of (cos if)4 and has maxima at ff useful. Gases or fluids, because of their optical isotropy

= 0 and 1800. These features have been validated with and lalespons, bee o nsir asocan-

experimental data 1331. and local response, have never been considered as can-

In addition, it is obseved that the maximum value of didate materials for degenerate two-wave mixing. In what

I BP (L) 12 is smaller than the maximum ac component of follows, we show that nonlocal response in gases or fluids
12 can be artificially induced by applying an external field or

(B,(L) j2by a factor of 0.052. From (100) and (101), it imlbyovnthmea.Ungsch ocpt ae

is clear that the factor of 0.52 is -yL. This leads to -y simply by moving the media, Using such a concept, gases
0.104/cm, which is practically the same as the -y of the or fluids be~come .the best candidate materials for highsample measured by a regular beam-coupling technique. power laser beam coupling. Energy coupling also occurs

In codirectional interaction configurations, the output in stationary media when the frequencies of the two beams
of a CW Nd:YAG laser beam was used [31]. A laser are properly detuned, as in SBS and SRS.
beam operating at 1.06 jim was split into two by a beam
splitter and then recombined inside a semiinsulating (un- A. Two-Wave Mixing in Kerr Media
doped) GaAs crystal. The beam diameter of both beams The concept of using moving gratings in local media
was about 1 mm just before entering the crystal. The in- for energy coupling was first proposed in 1973 by a group
tensities of the pump and the probe were about I W/cm2  of Soviet scientists [411-[44]. It was recognized that a
and 10 mW/cm2, respectively, and the angle between the spatial phase shift between the index grating and the light
beams was 90° outside the crystal. A neutral density filter intensity pattern can be induced by moving the grating
was used in the probe beam to achieve the desired inten- relative to the medium. Such a spatial phase shift is a re-
sity ratio between the pump and the probe. The half-wave suit of the inertia (temporal) of the hologram formation
plate X/2 was used in the pump beam to control the initial process and leads to a nonreciprocal energy transfer. If
mixture of the s and p components. Also, a chopper was the formation time of the hologram is finite, a spatial phase
used to modulate the pump beam at about 100 Htz. Fi- shift occurs when the intensity pattern is moving relative
nally, the probe beam transmitted through the crystal was to the medium. In addition to the phase shift, such a mo-
analyzed by a polarizing beam splitter, and the p and s tion also leads to a decrease in the depth of modulation of
components were simultaneously monitored indepen- the induced index grating. Several possibilities of achiev-
dently by two photodetectors. Various polarization states ing such a spatial phase shift have been proposed. These
of the pump beam were achieved by rotating the half-wave include moving the medium itself relative to a thermally
plate,-while both I B, (L) 12 and I B.(L) 12 were monitored induced grating [411, using the Lorentz force to move free-
simultaneously. There is good agreement between the ex- carrier grating in a semiconducting medium [45], and
perimental data and the theoretical calculations. nondegenerate two-wave mixing in which a frequency

The coupling coefficient can be calculated from (100) shift between the beams results in a moving grating [46)-
and (101). One can solve for the coupliný -YL by takini [49]. It is important to note that a temporal phase shift
the ratio of the measured value of I B,(L) I and IBp(L) I itself is not enough for energy coupling. The induced in-
at ' = 0. Using the measured interaction length L of 0.5 dex grating must be physically shifted in space relative to
cm, we have calculated the cross-polarization coupling the intensity pattern in order to achieve energy coupling.
coefficient y to be about 0.4 cm-'. This value is consis- It is known that the Kerr effect in gases or fluids is a
tent with the gain coefficient measured for parallel-polar- local effect. In media with local response (0 = 0), there
ization coupling in the same sample. According to the is no steady-state transfer of energy between two lasers of
theory, the gain coefficients for both parallel- and cross- the same frequency. In what follows, we will show that
polarization coupling should be the same. The coupling nonlocal response can be induced by moving the Kerr me-
coefficient of -y = 2.6 cm-' has been observed recently dium relative to the beams. Such an induced nonlocal re-
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sponse is only possible when the material response time are s-polarized and the medium is isotropic. We further
r is finite. assume that no optical rotation is present in the material.

The propagation of electromagnetic waves in media A, and A2 are the amplitudes and are taken as functions
possessing a strong Kerr effect is one subject of long and of z only for a steady-state situation. The z axis is taken
sustained interest. A number of interesting phenomena normal to the surface of the medium (see Fig. 9).
manifest themselves at high incident beam powers. This In the Kerr medium (from z = 0 to z = L), these two
includes self-phase modulation, mode-locking and self- waves generate an interference pattern. Such a pattern is
focusing. The effect is described by a dependence of the traveling if w, W (2. This interference pattern is de-
index of refraction on the electric field according to scribed by (E2 , where E is the total electric field

n = no + n22(E') (102) E = E, [ E2  (106)

where no is the index of refraction, n2 is the Kerr coeffi- and the averaging is taken over a time interval Tsuch that
cient (see Appendix A), and ( E2 > is the time average of w » 1, wT » 1 (107)
the varying electric field.

Consider the case of degenerate two-wave mixing. The and
time average of the electric field, is given by IW2 - WIT << 1. (108)E 2 E2o[1 + COS (k. F103E0 os (103) Using (E 2 ) = Re [E*E Jand (105) and (106), we ob-

where we assume E, = AI = A2. The index of refraction, tain
according to (102) and (103), is given by

2 E' + tA IA2 + + A"A2ei'n'-z
n = no + n7Eo[I + cos( -)]. ( (104)

Comparing (104) with (103), we note that the response is + AA2ei(01Kr) (109)
local and there can be no energy coupling, even if n2 is where
complex.

Using the interference of two beams with different fre- - (110)
quencies, a moving fringe pattern can be obtained inside K = k2 k 1. (111)
the medium. As a result of the finite temporal response !f(
the mpterial, a spatial phase shift exists between the in- This interference pattern [(109)) induces a volume index
duced index grating and the intensity pattern. Such a finite grating via the Kerr effect. In general, the index grating
phase shift leads to energy transfer between the beams. will have a finite phase shift relative to the interference
Coupled-mode analysis has been used to study the beam pattern because of the time-varying nature of the pattern.
coupling in these media [40]. In what follows, we de- Thus, we can generalize (102) and write the index of re-
scribe the coupling of two beams with different frequen- fraction including the fundamental components of the
cies in the codirectional configuration. Kerr-induced grating as

Inside the Kerr medium, the two waves form an inter-
ference pattern which corresponds to a spatially periodic n = no + Ano + ½{n 2 ei0A*A 2etfn'-l FK ) + c.c. }
variation of the time-averaged field ( E 2 >. In a Kerr me-
dium, such a periodic intensity produces a volume grat- (112)
ing. Thus, the problem we address is most closely related where both 40 and n, are real and Ano is a uniform change
to the phenomenon of self-diffraction from an induced in index. Here again for the sake of simplicity we assume
grating. The formulation of such a problem is very similar a scalar grating. The phase 0 indicates the degree to which
to that of the holographic two-wave coupling in photore- the index grating is temporally delayed (or spatially
frtactive crystals [8), [9], [12]. However, there exists a shifted) with respect to the interference pattern. Generally
fundamental difference between these two types of two-
wave mixing. In photorefractive media, the index modu- speaking, both n2 and be are functions o m Ke.latin i prporiona totheconras of he ntefernce Here, n2 exp (ij,) can be regarded as a complex Kerrlation is proportional to the contrast of the interference coefficient. The finite phase shift is a result of the finite
fringes, whereas in Kerr media the index modulation is coeff the fnterpase s is aer oeffintedirctl popotioalto the field strength. Thus, in Kerr response of the material. A complex Kerr coefficient cor-
directly proportional to the berr responds to a complex third-order nonlinear optical po-
media the coupling strength is proportional to the be.am larizability. It is known that the imaginary part of the
intensities, whereas in photorefractive media the coupling third-order nonlinear optical polarizability is responsible
strength is determined by the ratio of beam intensities, for phenomena such as stimulated Brillouin scattering and

Let the electric field of the two waves be written stimulatedeRamancscatteringa(3]. Thus, wesexpectithath
stimulated Raman scattering [3). Thus, we expect that the

Ej = A, exp [i(wt - j F)] j = 1, 2 (105) complex Kerr coefficient induced by moving gratings will
also lead to energy coupling between the two waves.

where 0j's are the frequencies and k,'s are the wave vec- To illustrate the physical origin of such a finite phase
tors. In (105), we assume for simplicity that both waves shift, we will now examine a classical model. In this
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"KIM MW4UM We now write

All A2 = (117)

where 01 and 0'2 are the phases of the amplitudes A, and
A2, respectively. Using (116) and (117), the coupled

2.0 A. equations (116) can be written as
Fig. 9. Schematic drawing of two-wave mixing in Kerr media. d

"2 It = -81,12 - all

model, we assume that the formation of the holographic d
grating is instantaneous and the decay constant 7 is finite. - 12 = gill2 - ai 2  (118)
When the two waves are degenerate in frequency, a

steady-state nonlinear response is described by (102) and
without phase shift. In the case of nondegenerate two- d
wave mixing, the intensity fringe, as described by (109), a. 01 = 012

is moving in the nonlinear medium at a constant speed.
The steady-state value of the self-induced index change d (119)
must be derived from a treatment which considers the fi- dz
nite response time of the medium with respect to the dis- here
placement speed. Let the decay of index change be ex-
ponential, then the steady-state index change can be 2 n2 sinx 0, 8 </2 (120)
written g : K, cos (6/2)

S1 (E 2(,'))e(1"-)1 dt' (113) = in 2 cos70 Xcos(8/2) (121)

where n2o is the value of index change for the degenerate In (118), we have added the attenuation term due to bulk
case. absorption. The parameter a is the absorption coefficient.

Integration of (113) yields the following expression for Note that beam 2 will be amplified, provided g1l > a,
n2 exp (io): according to (118). Also notice that the coupled equations

(118) are exactly identical to those of the stimulated Bril-
12 XP (0) n2° (114) Iouin scattering and stimulated Raman scattering. Solu-

I1 + /fir" tions for the lossless case had been derived by previous
workers [2]. We now derive the solution for the case of

Note that the finite phase shift is related to the motion of lossy nonlinear medium. Using the classical model men-
the intensity pattern relative to the nonlinear medium. In tioned above, beam 2 will gain energy from beam 1, pro-
addition to the finite phase shift, the motion of the fringe vided that the phase shift 0 is positive. Thus, according
pattern relatsve to the medium also causes the index mod- to (115), the low-frequency beam will always see gain.
ulation to increase. According to (112) and (114), the in- The coupled equations (118) can be integrated exactly,
dex grating is spatially shifted relative to the intensity pat- and the solution is (see Appendix B)
tern by

0 = -tan" (fOi) (115) 1,(z) = 1,(0) . I + 1-

where we recall that r is the response time of the medium. .I+ m-' exp !(I- e')
1) Codirectional Two-Wave Mixing: Now, by using

(112) for n and the scalar wave equation and by using the (122)
parabolic approximation (i.e., slowly-varying ampli- -+ M
tudes), we can derive the following coupled equations: 12(z) = 12(0) • +e-

d .29~2-.I + inexp•l(l -e-d Aon =.• JA2 J'Al '

-a 2k ,2  e 2, (123)
d . wnon2 &AIA 16

d , 2 where m is the input beam ratio
A2 = (1161)z C 2 e J A I A 2 M - I 1 ( 0 )( 1 4

where we assume that , = w, = w, and k, is the z com- (1(0)
nent of the wave vectors (i.e., k, = kI cos '7 = A' cos and -y is given by

6). The parameter 0 is the angle between the two beams.
In (116). we have neglected the term An,. I = g[Ii(0) + 12(0)]. (125)
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Substituting (122) and (123) for !1 and 12, respectively, 102 ... . .. .. .

into (119) and carrying out the integrations, we obtain
100,(Z) - 01(o)

= log r, A ,-
g 1 +mrn- 1 exp e1-e )

(126)

and

02(Z) 02(0) 0 6 ... ... ..

I + mFig. 10. Intensity variation with respect to z in the Kerr medium.
g 1~ +mexp (l-e--)

(127) written

Note that according to (126) and (127), the phases of the 2rn20  [IT_(129)

two waves are not coupled. In other words, these two X cos (0/2) 1 + ( 2 1)9
waves can exchange energy without any phase crosstalk.
Such a phenomenon has been known in stimulated Raman where we recall that Q. = W2 - wt is the frequency detun-
scattering for some time, and can be employed to pump a. ing and r is the grating decay time constant. We notice
clean signal beam with an aberrated beam. Here, the re- that the gain coefficient is positive for the beam with lower
suit can be applied to more cases, including forward stim- frequency provided that nz0 is positive. Such a gain coef-
ulated Brillouin scattering. ficient is maximized at Or = ± I. Such a dependence on

If we neglect absorption (i.e., a = 0), then 12 (z) is an frequency detuning can be used to measure the time con-
increasing function of z and 11 (z) is a decreasing function stant r. Some experimental works will be discussed in
of z, according to (122) and (123), provided -f is positive. Section IV-E.
Transmittance for both waves for the lossless case, ac- 2) Contradirectional Two- Wave Mixing: We now con-
cording to (122) and (123), is sider the case of contradirectional two-wave mixing in

which beam I enters the medium at z = 0. and beam 2
11(L) I + mt enters the medium at z = L. The coupled-mode equations
11(0) 1 + m-1 exp (-yL) for the beam intensities can be obtained in a similar man-

ner and are written
12(L) + m (128 d
T 12(0) + m exp (-yL) (2 - Or1

where m is the incident intensity ratio m = 11(0)/12(0). d
Note that T2 > I and T, < I for positive -y. The sign of - 12 -81,12 + c12 (130)
-y is determined by the sign of n2 and the phase shift *. dz
Interestingly, these expressions are formally identical to where the intensity gain coefficient g is given by
those of the photorefractive coupling. The major differ-
ence is that the "y for Kerr media is proportional to the 2 -
total power density of the waves, according to (125). 9 sin (8/2

Fig. 10 illustrates the intensity variation with respect to
Z for the case when g - 10 cm/MW, a = 0.1 cm-1, We notice a slight difference between the two cases as
1,(0) = 100 kW/cmn, andiz(O) - I kW/cm2. Note that compared with (120) for the codirectional coupling. Here,
even with the presence of absorption, the intensity of beam we recall that 0 is the angle between the positive direction
2 increases as a function of z until 1 = 4, where the gain of the two wave vectors. Thus, for codirectional cou-
equals the loss. Beyond z = 1,, the intensities of both pling, the angle 6 is always less than 90", whereas u/2
beams are decreasing functions of z. < 6 < r for the contradirectional coupling. This is a

Similar results were obtained earlier by other workers result of the boundary condition in which we assume that
in a study of stimulated scattering of light from free car- the waves and the medium are all of infinite extent in a
niers in semiconductors 150]. plane perpendicular to the z axis.

According to (114), (115). and (120), the gain coeffi- Solutions of (130) for the case of lossless medium are
cient g is a function of the frequency detuning and can be given by
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( Z) I - p section, we investigate the photoinduced index grating in
11(0) 1 - pe-° nondegenerate two-wave mixing and focus our attention

on the complex Kerr coefficient and the spatial phase shift.
12(z) I P (132) Basic equations for the electrostrictive coupling be-

,A"'. "*? H12(0) e ( p tween photons and phonons have been formulated and
several theoretical papers on SBS have been published

where a and p are constants and are related to the inten- [511. Most of the earlier work was concentrated on back-
sities at z = 0, ward-wave coupling. Very little attention was paid to co-

12(0) directional nondegenerate two-wave mixing. The reathe-
P - matical formulation of such a coupling in Kerr media

I1 (0) including material absorption has been recently solved and

SIt (0) - 12(0). (133) is described in Section IV-A. In this section, we focus our
a ttention on the derivation of the photoinduced index grat-

The constant a may be regarded as the net power flux ing as well as the relation between the photoelastic coef-
through the medium. ficient and the electrostrictive constant.

The solutions of (132) are expressed in terms of 11 (o) The electrostrictive pressure in liquids is given by
and 12(0), which are not input intensities. In the contra-
directional coupling, we note that the incident intensities p = -J-,(E 2 ) (135)
are 1 (0) and 12(L).

For interaction L, such that goL >> 1, the intensity where (E2 ) is the time average of the varying electric
growth for beam 2 is exponential and is given by, accord- field and is given by (109). and -y is the electrostrictive
ing to (124), coefficient which is defined as

12(0) 12(L) e°L. (34) = (136)
( - p) ( LP

In SBS, 12 (L) is virtually zero and represents intensity of where p is the density and c is the dielectric constant.
noises or scattered light. The parameter p - 12 (0)/S (0) As a result of the electrostrictive pressure according to
is the phase-conjugate reflectivity of the SBS process.-ti (135) and (109), a density wave in the medium is gener-
is always less than unity for two reasons. First, in SBS ated. By solving the isothermal Navier-Stokes equation
there is no beam 2 incident at z = L; therefore, p < I is [511 we obtain the complex amplitude of the induced den-
required by the conservation of energy. Second, the ex- sity wave as
ponential gain per unit length go is proportional to the 1 K'.r A2A1e"°'- Y (137)
power throughput. A reflectivity of p = 100 indicates a 2 = - 02 -•_i - i
zero power flux and consequently zero gain. where 1, may be regarded as the resonance phonon fre-

B. Electrostrictive Kerr Effects quency and is given by
The Kerr effect arises from several physical phenom- 10 = VK (138)

ena. These include molecular orientation, molecular re- with v as the velocity of the acoustic wave, and r. is the
distribution, third-order nonlinear polarizability 13, elec- inverse of the phonon lifetime and is given by
trostriction, and thermal changes. In liquids such as CS1.
contribution to the Kerr effect is dominated by tue dcec- r. -? K'/p (139)
trostriction. with 17 as the viscosity coefficient.

The coupling of two electromagnetic waves via clec- Using At - 2ntoAn and the definition of the electro-
trostriction has been kno*wn for some time and is respon- strictive coefficient equation (135), we obtain the linear
sible for SBS. Although this subject has been studied cx- relation between the index grating and the density wave
tensivcly 151). little attention has been paid to the
".photorefractive" nature of such a process, which, we An AP. (140)
believe, can provide a great deal of insight into general- 2n(4
izing the SBS process. For example, there exists a similar Using the complex number representation, the induced
spatial phase shift of 90 between the induced index grat- index change can be written, according to (112).
ing and the light interference pattern in conventional SBS
1521. Such a spatial phase shift of 90' is responsible for A4 n,= Ae*A•A6(1-" 11. (141)
the energy exchange between the incident wave and the Substituting (14 I) for A& and (137) for Ap in (140), we
phase-conjugated wave in SBS. In addition, self-pumped obtain the following expression for the complex Kerr coef.
phase conjugation in HaTiO% crystals 1531. (Sl is very .ficient:
similar to the phase conjugation in SBS 1551. 156) The
spatial phase shift of 901 can be utilized in other SBS -K;4s _ (140)
configurations (e.g., injected SBS at 0 * 180*). In this 4apo(Q - - tOP.))
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Note that this complex Kerr coefficient is a function of the resonance also depend on the angle 0 between the beams.
frequency difference between the two waves. At reso- For contradirectional coupling, the angular dependence is,
nance 0 = ±0,9, the Kerr coefficient is purely imaginary, according to (149), (144), and (131),
indicating a 900 phase shift between the index grating and I
the intensity pattern. 8g = sas 2 (150)

The complex Kerr coefficient derived above is different (sin 10)
from the traditional one used in self-focusing and self-
phase modulation as described in 161). The Kerr coeffi- where we recall that Tr/2 < 0 < w, and gsgs is the gain
cient measured in those experiments may be regarded as coefficient at 8 = T, and is given by (for 0 = W2 - W,

the dc Kerr coefficient and is related to that of (142) by -0a)
putting 0 = 0. Such a dc Kerr coeffic ient is written 21r -y2 (t-1,\7 2 8s s =\, T"npt (151)

n2(f) = 0) = 2 8S =n0 (143)
4nse 0  -For codirectional coupling, the angular dependence is

where we recall that t, is the acoustic velocity and p is the given by [according to (149), (144) and (120)]
density. At resonance (f) =+f± ), the Kerr coefficient 2
becomes, according to (142), g = 8sRs sin (152)

n:ko = 1 2 • fis = ±r/2 (144) where gsas is given by (151) and 0 is less than r/2 but4np to (r8)greater than 0.

where the sign ± depends on the sign of 0 2W - W- We note that the gain coefficient g increases signifi-
According to (120) and (144), we note that gain coeffi- cantly for the codirectional case as 0 decreases. This high
cient g is positive when W2 < wl. In other words, the gain may be difficult to observe because the phonons gen-
beam with lower frequency always gains, crated by two-wave mixing tend to walk out of the inter-

Notice that the magnitude of the Kerr coefficient at res- action region and thus reduce the resonance enhancement.
onance is increased by a factor of The electrostrictive Kerr effect and the photot'astic ef-

fect are very similar in nature. Both are relateo to the
Q = (145) change of index of refraction as a result of the-squeezing

I•mof the medium. Consequently, these two coefficients are

which may be regarded as the Q parameter of the acoustic related. Such a relationship has been derived 1621 and is

oscillation. given by

This parameter Q depends on the phonon frequency and n7opi

thus depends on the angle between the two beams at 4B (153)

acoustic resonance. According to (138) and (139), we ob-
tain where B is the bulk modulus, p is the photoelastic coef-

Pt' ficient I I). and it is the index of refraction. Using the fol-
Q -. (146) lowing relation:

Th angular dependence is no obtained by using(154)
where p is the mass density and v is the acoustic velocity,

K 2k sin 10 (147) the Kerr coefficient can also be written

where I = 21rn/k and e is the angle subtended by the (155)
wave vectors of the beams. This leads to

or
Q , (148) I, tOM) (156)

i2qk in 40

which can zkw bie wnitten where MA and M, are the acoustooptic figures-of-nrent 111,
which"P Man RIPo I••n

1 At. At (157)
(149) p'

sift4

where Qjj is the Q parameter foe backward SUS with 0 Acoutaooptic Oratt scattering is a well-known phe-
44 . For liq~uids such as CS'. Q"" is of the order of M0 nomenion and has been widely used (of bcatti steernag,

This parameter increases as e btcwtmuc smtall and can teach beamt nodulation. fretluency shifting, and other applica.
as high as 10 000) tioni. It is a physical process in% which an incident laser

According to (I44) and (149). the gain coctlicients at beam it scattered f roi sat acoustic fieldý The scatteftil

12)
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beam is shifted in frequency by an amount which is ex- KIM mAN
actly the frequency of the acoustic field. In addition, the
scattered beam propagates along a new direction which is
determined by the Bragg condition [1).

If the Bragg cell is made of a nonlinear optical medium, ------
the traveling interference pattern formed by the incident
beam and the scattered beam may induce a volume index mc •Amer W...M U"
grating. Such a volume index grating will then affect the
propagation of these two beams. If the optical nonlinear- TN MR
ity of the medium is due to the electrostrictive Kerr effect, Fia. II. Schematic drawing of nonlinear Brag aancring in Kerr media.
then an additional sound wave can be generated due to the
two-beam coupling. This additional sound wave is added where x is the Bragg coupling constant (ll andS is the
to the applied acoustic field, and thus enhances the dif- Kerr intensity coupling constant given by (120).fraction efficiency under appropriate conditions.fracion ffiienc uner aproriat coditins.Note that the angle 0 is twice the Bragg angle 6,1(2k sin

From the quantum mechanical point of view, for each Ot t The ane 9 is tithe Br angl ependin
photon scattered, there is one phonon generated or anni- on K). The phase o is either +90 or -90" dependinghialted depending on whether the frequency is down- o h ino ,.Frtecs hnbais scattered with a frequency downshift (as shown in Fig.shifted or upshifted. In the case of frequency downshift.,
there is one phonon generated for each photon scattered. I), the phaseg is +90n. indicating a gain for beam 2.
Thus the number of generated phonons is proportional to We again write
the scattered intensity. For low intensity light, these ad- A, = /le-I ' Az = q-112 (160)
ditional phonons are much smaller in number relative to
the phonons of the applied acoustic field. However, for wherespadti re the phse)o the amplide s canhigh-intensity laser beams, the number of generated pho- Ab, respectively. Using (160). the coupled equations can
nons can be much larger than those of the applied acoustic
field. The presence of these additional phonons effec- 1; - 21 1i0* = -$III, - 2i(V1'11ze-4-)
tively enhances the acoustic field and thus increases the
diffraction efficiency. 1i - 214ii - g1l12 - 2ih, 17C'"'-, (161)

Both acoustooptic Bragg scattering and nondegeneriate respectively, where the prime indicates a differentiation
two-wave mixing in Kerr media have been individually with respect to Z.
treated by previous scientists (1). (401. In addition, the By rewriting K asK exp( -i) so that x is now a positive
amplification of sound waves through the interaction of number and splitting the real and imaginary parts, we ob.
two laser beams with different frequencies has been ob- tain
served experimentally 163). The coupling between the
Bragg scattered beam and the incident beam due to Kerr A 5-itz -,/ • sin Ag (162)
effect has recently been studied (641. Such coupling leads ij - 8irl, - 2,, sin Aý (163)
to nonlinear optical Bragg scattering. In a Bragg cell with
a low acoustic field, the diffraction efficiency may be low and
at low optical intensity. When the optical intensity is (,/ 1  cos A¢ (164)
above some threshold. the phonon regenerative process
leads to an avalanche in which all the photons are dif. oil- .(I1/l2) cos U (165)
fracted. Here, we describe a coupled-modc theory of the
nonlinear optical Bragg scattering in Kerr media. An ex- where
act oltution is obtained for the noalinear diffraction effi& = - 0 . (166)
ciency.

Consider the nondegentrate two-wave mixing in the These equations are very similar to those that describe
Brags cell (set Fig. I I). If an acoustic ield is applied mode coupling in ring laser gyros 165]. 166]. In fact. the
such that the wave A, is generated by scattering of the rtlative phase between the waves can be written, accord-
incWdnt wave AI from the sound wave, then the condition ins to (165). (160)
0 - ± vK is automatically tatisfied povided that the wave c '-((,/I:)" = (A/,)an2 eOsAý (167)
A, is incident along. a direction which satisfihe the Bragg
condition. Under these circumstances, the coupled.mode which is similar to the well-known phas-cophmg equa.
"equations that govern the propagatin of these two waves tios in ring laser gyros. In our case, since the wave A.-
in the medium can be written is generated by Brags scattenng of the wave A, fDWm the

d acoustic field, it is legitimate to assume that the phase of
A .- A:IA _ (158) A: is conaeted to that of the incident wave A,. Thus

d A. - I2JA~jA iiAl (1$9) 4 v/2. 3r/2 (16s)
- ~am good solutions of (167).
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For g = 0, exact solution of the coupled equations (158) tion of z with an asymptotic value of 12(z) = 1/2 at z =

and (159), subject to the boundary condition of A2 (0) = co. For b < - I, 12(z) is also a monotonically-increasini
0, yields a relative shift of A&, = r/2. We will take this function of with an asymptotic value of 12(z) = //(2b"
as the proper solution to (167). Substitution of A, = ir/2 - 2b ;b/ - 1) at z = oo. Fig. 12 plots the intensity of
into (162) and (163) leads to 12(z) as a function z at various values of b.

i; = -el,/'2 - 2x • We now examine the diffraction efficiency which is de-
fined as

12 = 9112 - 2 . (169) 1 2(L) . 2 u (173)

The coupled equation (169) can be integrated exactly, I
and the solution is 2 as a function of intensity I (or b) for a given Bragg cou-

l 1(z) = Icos2 u pling constant i and a length of interaction L. Fig. 13
plots the diffraction efficiency 1 as a function of the pa-

l2(z) = I sin2 u (170) rameter b for various values of xL. We note that for b >

where I is the incident intensity at z = 0 (i.e., 11 (z) = 1 0 (or g >0) the diffraction efficiency r7 is an increasing

and 12(z) -0 at z = 0), and u is given by 1641 function of intensity and can reach nearly 100 percent at
high optical intensities. The enhancement in the diffrac-

tan (KZ 'F() tion efficiency due to strong Kerr coupling can be em-
tan u = • - b tan ( z 1 ) (171) ployed for the steering of high-power lasers.

When b >> I and bxL >> 1, the asymptotic expres-
with sion for the diffraction efficiency is, according to (171)

gl "yL' and (173)
4- = (172) '7 = I - 40 2 exp (-4.b). (174)

where -y = gi and L is the length of interaction. We note We note that the diffraction efficiency approaches 100
that b is a dimensionless parameter which is the ratio of percent exponentially at large b (high intensity). When b

Kerr coupling to Bragg coupling. Equation (171) is valid approaches - c, the asymptotic form of the diffraction
for all values of b. When the magnitude of b becomes efficiency is. according to (171) and (173)
greater than I (i.e.. Ibi > 1), I,/-T becomes

i I and tan ,z 4 1 becomes i tanhzJ'-. ,= [ 2exp (- lbI)1. (173)
We also note that K is a positive number as defined earlier.
The Kerr coupling constant g can be either positive or According to (172) and (174), for small xL, high dif-
negative depending on whether the frequency of beam 2 fraction efficiency occurs when -,L >> I (or gL >> I ),
is downshifted or upshifted. which corresponds to the Kerr regime. However, the dif-

We now examine the intensity variation with respect to fraction efficiency is zero when L. 0. ac'coding to (171)
z for various values of b. For b > 1. Iz(z) reaches its and (173).
maximum value 1 (1OO percent energy transfer) at distancc At b = 0. (173) reduces to v sinc aL. which is the

z such that tanh ( , " A-. 1 ) = /- Ib. Beyond this familiar exprcssion of the Bragg cell diffraction eff-
point, the intensity 12 (z) decreases and reaches its asymp- ciency.
totic value of I/I 2b (b - 41- 1) which becomes I For such nonlinear Bragg scattering to be seen, the Kerr
when b approaches infinity. coupling constant must be comparable with the BrAgg

For b - 1, I (z) reaches its maximum value I at t coupling constant. Thus the parameter b must be of the
I/*. Beyond this point. the intensity k,(z) decceascs a order of I. If b I is used as an example, the Kerr in-
reaches its asymptotic value of 1/2 at z - ca. tensit) -coupling constant mus[ be

For 0 s b < 1. I1(:) is a period•ic functionof•-with 46
maximum value I at points when tn (a,- T b) ,
,A .1F /b. The minimum value of I1 ( ,) is zero. which We now take a Bragg coupling coaswu of a - I em-
occurs when tan (, ,/F"'P) = 0. Note that muximmn as an example and us a nonlinear medium such as CSz.
or mtnimum occurs when It 0. From the data available in 1511. the Kerr coupling c-on.

For -I < b < 0. I(:) is also aperiodic fun.tiaoaof stantx for a Brat$ angle ofS' (0 - 0I)is 1.5
: with maximum value I at points when tan cm/MW. and the radio frequewcy mrutred is 610 MIz.
(4: -Ab_- ) - r -Wlb. Comipared with the case 0 Thus,. the optical intensity needed tot observattottofta stg .
S b < 1. we note that it takes a longer interaion length in.icantnonlinearity in Bragg scatering. acowt€o ng to the

fto I. to reach its maximum value becauie of the negative above condition. is approximately 2 7 MW /Cmi.
Ken coupling Minimum value of I s ( is zero whtch also The results show that diffruation efficiency is a n"amn-
occur when tan (a:, lh-1. ) . 0 ear functton of the optical iutenity and can be gfc•ty

For b Is.-1 () is a nmuxotoascally increasing fisac- enhsance by inceasing the initensity of the optical wave

127
C 11264 DD/e 1%



SC5538.FR Rockwell International
YEN: TWO-WAVE MIXING IN NONLINEAR MEDIA 0 % SinoCne

f ~ b -'Itensity, whereas the photorefractive giin coefficient is in.
dependent of the intensity. Thus, for high-power appli-
cations, SBS and SRlS can be efficient means for beam
coupling. In addition, the frequencies of the idler wave
are very different. In SRS, the idler wave is optical
phonon. In SBS, the idler wave is acoustic phonon. Also.
in photorefractive two-wave mixing, the idler wave is a
holographic grating. As a result of the finite frequency of
the idler wave, the coupled waves in these three processes
are different in frequencies. For SBS and nondegenerate
two-wave mixing in photorefractive media, the frequency

b-1 difference is small so that the two waves propagate at vir-
tually the same speed. In SRS, the large Stokes shift may
lead to a significant difference in the phase velocity of the

b--2 two waves due to dispersion. This may result in a phase
10 mismatch in the wave coupling.

The coupled equations for stimulated Raman scattering
Fig. 12- Itfrithiti) vhaaion of the scatterti! beam 11(:) as a function o( are identical to those of the stimulated Brillouin scatter-

(or various values of b. ing, except for the possibility of dispersion. In fact, it is
known that, like SBS, SRS also exhibits phase conjuga-
tion (67). The energy coupling in both SBS and SRS is

.L.03 02 01 due to the imaginary part of the third-order dielectric sus-

ceptibility [21. If we examine (10) and (13), we notice
that the energy coupling in photorefractive crystal is due
to the out-of-phase term of the index grating. This spatial

10-3 phase shift is 90" in crystals such as BaTiOl. which op-

"0.3 S~by n R as a taeifg index grtheg then the wpavea

j phase shift is also exactly 90* in resonant scattering [see

0 40 In view of thc above discussion, we may generalize the

Fig 3 Dt~atioae~tien~ i fURhO~~ ~~ ~meaning of photorefractive effect to include other phc-
bou otO nomenta such as the Kerr effect. In other words, the gen-

cralized photorcfractive effect is a phenomenon in which
a change of the index of refraction is induced by the pies-

It can be used as a nonlinear device in which Isigh-effi- ence of optical beams. Thus, we may view SBS and SRS
ciency diffraction only occurs when the optical intensity as roonegentrate photorefractive two-wave mixing int
is above a threshold. nonineat metdia.

D. USS. SRS' and Phoarefrar'siie Two. Wave Mlsingt E. &Perixine aeo W'ort
Thus far we have discussed two-wave mixing int pho. It was shown earlier that energy transfer in two-wave

tofcfracti'ec crystas and Kerr media. In phototcfractive mixing requires a finite spatial phase shift between the
two-wave mixing the ftequency difference between the intensity patiernt and the induced index grating. In Kert
two beams is Zero or smawl (a few Hertz). Fof two-wavc mhedia where the response is local. such a spatial phase

mixini Kern medl or stittulated brillouirs scattering shift can be indu."ed ýi tht use of msoving grtmng5i n the
(SRtS). tlb. frequency difference can be as large as a few medium. Thus, ceneig transfer is, possible minmande-
gitahe:¶. Etterly exchange betweent two beam% also m.- generate two-wave muixing in Kert mtedts
curs in stimtulated Raman scattering (SRS) 121 The ftc- Although the concept of using moiusg gratings% in locasl
quenzy difference between the bcams in Ramsan scattering media for the tactg> coupling between two beamks ha
is in the rangec of terahertza been suggested int the 1970's 1411-1-491. no experimental

There are several common features amoag the three results were reported until recently -In 19$6. a steady
typeo of two-wave mixring All three types of wave mhiking ttransftt 01 energy was observed in a two-wase tuixint
show nmneciprocal energy exchanirg without Phate cross- experiment in atortit: "Soums vapor t6SI tIt thst exprt.
Wak In fact, if we examine their cotiple-ft -we equationsi mintu. a ftash-PUMrPed ily laser *at userd to Pump a CCll
(IS) and ( 116). we n"t that the mathematical formnt1a- of vUAium vapor thoat was inslefted into a ring resonatof
tions are very similar A foondamental differvnce exists bir- The laser frequency awas detuned slightly firtu the "sodum
tween these types of two-wave mixingt In MIN. andj SRS, D lane Tlw paramettic gain due to the twow&a'. mixuihin
the tziih co&ettuiet (125f is ficopkonklilal to thec towtal a- leads to a aaidrectibut. octil~ationt in a ritig resoatiaor
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The frequency of the oscillating beam in the ring reso- has been observed by using a BaTiO3 crystal pumped with
nator was measured and was found to be lower than that an argon ion or a HeNe laser (54). Unlike the conven-
of the pump beam. In a later experiment using a CW dye tional gain medium (e.g., He-Ne), the gain bandwidth of
laser, a frequency shift of several MHz's was measured photorefractive two-wave mixing is very narrow (a few
[691. The frequency shift agrees with our theoretical re- hertz's for BaTiO 3; see also Fig. 4). Despite this fact, the
suit (see (120) and (115)), which indicates that the low- ring resonator can still oscillate over a large range of cav-
frequency beam gets amplified when the Kerr coefficient ity detuning. This phenomenon was not well understood
is positive. By tuning the frequency of the dye laser to the until a theory of photorefractive phase shift was devel-
other side of the D line, an opposite sign of the frequency oped (70). The theory shows that oscillation can occur at
shift was observed. This indicates the reverse of sign of almost any cavity length despite the narrow-band nature
the Kerr coefficient at this new frequency. In addition, the of two-wave mixing gain, provided the coupling is strong
frequency of oscillation and the intensity of oscillation arc enough. Such a theory is later verified experimentally by
functions of the cavity length. Oscillation ceases at cavity studying the frequency of unidirectional ring oscillation
lengths when the frequency shifts are less than 8 or more at various cavity detunings (711.
than 50 MHz. Similar observations on the dependence on Referring to Fig. 14, we now investigate the oscillation
cavity length were found in photorefractive unidirectional of a ring resonator in which a photorefractive crystal is
ring resonators 170., 1711. inserted. Let us focus our attention on the region occupied

In a two-wave mixing experiment, a fluorescent-doped by the photorefractive crystal and examine the gain due
boric acid glass is used as the nonlinear material (72). In to two-wave mixing. The results of nondegeneratc two-
this expcrin.,:nt, a frequcncy shift of 0. 1 Hz was induced wave mixing derived in Section 1I-C can be used to cx-
by reflecting one of the beams off a mirror that was trans- plain the ring oscillation.
lated at a constant velocity by a piezoelectric transducer In a conventional ring resonator, the oscillation occurs
(PZT). By varying the frequency difference between the at those frequencies
beams and monitoring the change in intensity of the probe
beam, a time constant of 100 ms was measured. In a sim- f = L + N c (176)
ilar experiment, a ruby crystal is used as the nonlinear S
medium 1731. Energy coupling at a frequency shift of up which lie within the gain curve of the laser medium (e.g.,
to 500 Hz was observed. A time constant of 3.4 tns was hich Hee w i s the effective of aser m e loop,
determined bN measuring the p,-obe intensity at various He-Ne). ia eet, S is the effective length of a complete loop,
frequrncy shifts. In addition, a net gain (exceeding the fr is a constant, and N is an integer. For S a 30 cm, these
absorption and retlection loss) of more than 50 percent frequencies (176) arw separated o the mode spacing t /c
was observed. v I Gth. Since the width of the gain cuve for the con-

Recently. energy transfer between two coherent beams ventional gain medium is typbcalld several Gt z due prin.
in liquid crystals has been observed by several workers cipally to Doppler broadening. oscillation car occur at
(74). The energy exchange is due to the thin holograms o any cavity length S. On the contrary, if the band-
in the medium. In these configurations, the scattering of width of the gain curve is narrower than the mode spacing
light by the induced grating is in the Raian-Nati, regime c/S. then oscillation can sustain, provided the cavity loop
due to the small interaction length The presence of higher is kepl at the appropriate length
order scattering temis results in a alultawave miking that Unlike the conventional gain mediutm, the bandwidth
lead, to the energy transfer frou the stiong camr to the of photorefra•-ttc- two-wa%, mritIai is very afroA. Uasiti

%cak beam If the interaction length io increased, the ea. phio"oefra•'t1%c crt stals that operate by diffusion oal),
erg) transfer will decrease because the interaction will be c.g . IUarO,, the couphlng cofatarit can be writte,. a;;-
&i the Ibragg ecitmi ctjang to (4S)

V At'ra-tcAti.,r I . ... 1 (117)

"The phtoetractave co.pling of two *ases a Cl¢ I , (Ur ),
troopte. crqstals has a wid range of apph•latios These whire ). is the coupling constnt tot the case of dceu

wlludc real-time holograp)., self.pumped phase eon ju
gation (53). ring resoLators 154). (70). 1'el), 1751. laserc e two b-
tyro's 17:1. nonr•eca•pwal transasassion 17(,, imasg wn
oali;.atton (Zo[ . vibtatioeal an.al.•,, 1771. and uimage pro 41 AA)
Cisirg (751]. (79I. tea: Sone of these aPPla1atulrs %ill be ( 1 T)

srt'uised ti this section

""heh pattttat two wase n•ur aaen is tniven tlr*. a<
A ~A/o~.t~ ~curdifng to (80i

lithe Coheretr sithal becat arrti lriattoet Ins two WaNC
mtilin can be used to pcosai Pararmtetr gain r (ici utdi I:11 1 * opt
1ectasc~al oscildatton in rit; lesonators Siat ulciltlizti u11N
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Fig.0. 14I.~cdt"ofavwci"Powfch *M

where Aj is the aditional phase shift due to photottracf
tive coupling. the integ~ration is over a rond-trp beam

where we recall that m is the input beam ratio a - path. th parameter R is the product of the miro tefec-.

1, (0)/1j (0) and L is the length of interaction. Note that tivties. and Sr is the€ parametric lain of (179).
ampliicý *ion (j > I ) is possible only when -1 > a and it we deffnc a cavity detuning parameter ar as

M > ( I - t"-)l(€"1 - C-14). Also note that S is an
inc reasing function of M (i.e.., a$•/a > 0) and S is an ar•*?]' -2Nl k d,,i (193)
inre.asing function of L. provided - > a and

where N" is an inteter chosen in such a way that. a lies
L la.(,go)) between - v and + r. then the oxilations condition (IS 1)

1 can be wrtten

The gain as a fnution of frequeny w (or equivaleutly , - a + 2. (14)

ws a functson of 0t i, p- w). has been plted ia Fi. i d to h c

4 for vandiLs values of M. Not e that viin is Si e a is han in of s(17n).only whnIwn g- w I r < 1. For osteribe o ly h as BanTd) ahieved only asn tci cdity datunrng can be compan.
m SUN. r i between I a 0. 1 s. Thus. (he lain e /d- mud by the ).otAesretiva phase shift.
width ir oely n few her, In spite of such an extremely Equ0)ions (1sa) and (152) may be u to solve (o ) the

narow badidth, madintimW oscillatiw can aill be two Unknow quanities 0 - 1k M0/11 (0)• an a a -
observed easily at -'any- caitiy length is "t msoastor wt. It wt ars the pump intenisity 1, (0) am the pump (M-.
uinrasiWAý fun stlon as tL. phe Pioto tive he"Nums queacy in theg (1h1) and (1$2) can be tvha for tle
•Sxh a phn can be explleF in tcms of the ad- eiltwten requncd , and the oscillation intensity
*ti." phse Wh i04) a (2$) iato"¢d by J. Iz(O). Scuta (n•) lo s is (be2) a u (we).
tosarfuctioe nofa; . This p has n i of the we obtis

o4 i fovarion qu , vle W is Plofted N t th in S as a fuhn. it (e
taes or. a' 11bTwe cnysands *0a. . > 4u . this pha -edbth ph (oe"rati(epha)

tid -th 1s only & fewhseu. shiftei oftp t s jch an 6% Thsequations cIland (12)e mayce ue to solve for the slatf

cmWarr of the dw mu w i wdhic h ntioms a o l.a-"i frqcas) Cf. FOb th cunnw q anfese ' t IU(), u/OS)an (4d)

pv~sc skhif of an intgr gum~s 2T. for vk " 12 an (19) aa (20). wt obt-s tt I IS)

obe)e easilyaaft an cavtityj Wemtai nag exoamine th Ifw ih pm nestyt()adth upf

oudglay At stoady.-stat omedium tee €lcam the Is A ( L c b se t
emush np~ u-¢ iiclf' bota p henoensic ca bep ained aity wotsi a is tfe cu ty dtufthe oad is raion bi (mi)t

cditionaJ-tn p Ise otheft woe&) and (2$))introa c sd b w tz Sub azitutiag(1) (17)w S &a n (W2. wcand " swt (2)a.&

I I,~~~(0) i-!"

active = cmto b. pmThi, pws suft s fni (oth) wW

shaft~~(LI cansol cvary fro - "t , oeafrqentwefto
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,IL > -,L - aL - In R (183) 0.,

where -, is the threshold parametric $ain constant. Sinc. 4

- is a function of frequency 0. (188) dictates that the par-
ametric lain is above threshold only in a finit spectral
regime. Using (177) for -1. (188) becomes

1071 < OKI - In R 1 (119) 4..

where we recall that 7,. is the parametric gain at 0 - w2
- w, - 0. Equation (189) defines the spectral regime
where the parametric gain -1 is above threshold (i.e.. -y > 40

I,). 3Ao 04, •.6 1.41
We have thus far obtained expressions for the oscilla- -f

tion frequency 1(186)1 and the spectm regnime where the rv. t6. osewatioa a asa rtsiact caaay dhettf.t.at ka..

lain is above threshold. The ring resonator will oscillate ssm o.r -. •L.

only when the oscillation frequency falls within this spec-
tral region. The oscillation frequency w - w, + 0 is oical phase reproducesitself(towithinan inteer mul-

d( )rmined by (136). with ar being the cavity dttuann tiplc of 2Y). The condition on phase is unique because of
(183). a significant contribution to the optical phase shift due to

The same oscillation frequency must also satisfy (189). nondegenerate photorefractive two-wave mixing. This
Thus, we obtain the following oscillation condition: condition is satisfied at any cavity length if the oscillation

2I 0 [ V ]/L1 frequency is slightly detuned from the pump frequency.

;LOL - tnof[ * (190) since the photorefractive phase shift ((185)) depends on
the detuning. The frequency difference 0 ( - wl - wj)

which can also be written between the pumping and oscillating beams can be written

"-.,- > -,L + 1 (2Aý)' GL (191) 0 - I2(Ar + 2Mir)/IvA (193)

where a" is the cavity-length detuning with respect to an

where '1, is the thWeshold parametric gain of (188) for the integer multiple of optical pump waves in the cavity. M
cas when A - 0. and G, may be considered as the is an integt. r is the photerefractive time respoase. and

threshold gain for the case when AO * 0. According to A represents the total cavity loss. There are threshold con-

(191). the threshltd gain increases as a function of the ditions for oscillation involving cavity loss and ain (tak-

cavity deturning at' The cavity detuning ar not only de- i'n M to be Zero):
temrnes the oscillatito frequency ((196)1, but also the 101 S (l/r)(-L/IA - 1)' (194)
threshold lain G,.

Thearinls3) is the cavity duninandis I (l)s/ - 1) (193)
between - and'. HoQwv4. the phOtOMefructivC Ph3S where is the degenteate two-*Sve mixin coupling co-•-
shift (25) can be greater dtm n. When this happens, the ficient. L is the interaction lenth. and A - - In (RTT,,)
unidirectionsl ring rsoattot may ocillatt at moer tha ,. (with N being the pIeduct of the teflectivitics of the cavity

one frequency -These frequenicics. ae givcn by (1116). with mnutas and output couplerf. T, is the transmission through
S- -0. t I. ± 2. ' - ecw.. and with their co p g the photorefractivc ystry accounting for the absorption.

thieshold g3in ivtn by Ffesncl etecttumn, and scattcli.g (or bewa fanning). anfd

L T A~~. (9) 7, is the tffective taftumission through the pitnhol apcf.G.L v,.L L • [•(.Sý # 2. f. (192) tur).
This theory prcduts that the unidtrcctýisnl ring ,tso-

In other wwd%. for each cavity d•t • ng•'. the rng re.- asto will oscidlatc at a frequency differvnt fron the pump
Ofto can support mulutiM& oscilhla. provie the frquey by an aoun dir•ctly proportional to the cat-
coupling constant -. is large enough. Fig. 16 shows the ity-lcanth detoanin Fuhtcrninom. in a phatorefractike
oscillation intensity. a% well as the oscillation frequenocy macteial with moderately low f. the ftoqiE postolates a
as fnctions of Cavity datoinn at.1 Note that for Lurc, thieshold whecr oscllatin will ccaxC if the cavity JAetfn.
•.oL. the resonator Can otu:llat at 8iMawst say cavity dc. iag (freqluecay differenc) btcoes two, luae. Such a the.
tuning It'. aherca3 too stall -j.L. oscLldat•,o occun only oty has be"n validatcd aperntciatally in a BaTtOl pho.
when the cavity deturnng is imttd t some small rweg totfr-ctive nag mrueAt (711
aroun " hi 0 The ,apenuients pietromed to eanmic the above the.

In summary. rntg oidlatioa acun when the two-w avv of) will nou bc dscusszed in dtail Fig 17 shows the
Ksu" gain e siates %cavy koases ad the maur-trip cxperimenctl setup A uagklc-evk o ftarg-f. laser (514.-
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Fig. 17. Optical setup for the photorefractive unidirectional ring resonator Fig. 18. Characteristics of the unidirectional self-oscillation as a function
with variable cavity length The beat frequency between the self-oscil- of ring-cavity length (i.e.. PZT voltage or cavity dCtuning. where 100
lation and pump beams is derived from the motion of the interferograms percent implies a detuning of one full optical wave): (a) ring-cavity in-
at D2 or D31 [71]. tensity (right) and beat-frequency signature (left). (b) frequency differ-

ence between the self-oscillation and the pumping beam [71).

nm) is used to pump a BaTiO 3 crystal which is inserted
into a ring resonator. Two-wave mixing in BaTiO 3 pro- The frequency difference changes sign as Mt slowly
vides the parametric gain needed for the oscillation in the moves through the origin. The observed sign is consistent
unidirectional ring cavity, formed by two planar mirrors with the sign of the phase shift between the light intensity
(MI and M2 ) and a planar beam splitter (BS3 ). The os- pattern and index modulation that determines the direc-
cillation beam in the ring-cavity is sampled through the tion of energy exchange in two-wave mixing. The beat-
output coupler BS3, its intensity being detected at D, while frequency signature [Fig. 18(a)) is also a periodic func-
the beat frequency between it and the pumping beam is tion of FZT mirror position. The observed beat-frequency
determined using complementary fringe patterns formed signature reproduces itself with a M, displacement of
at detectors D 2 and D 3. Without a ring-cavity pinhole ap- every - X/2, as expected. (i.e., a cavity length detuning
erture, unidirectional oscillation can be observed at any periodicity of X). Experimentally, the frequency thresh-
cavity length. However, dynamically unstable multiple old for oscillation is approximately a linear function of
spatial modes are evident [80], [811 in the fringe patterns the pumping-beam intensity, as shown in Fig. 19(a). Ac-
at D2 and D3. To obtain a single mode (and clean fringe cording to Fig. 18(a), this frequency threshold is in-
patterns). a 200 um pinhole is placed in the ring cavity. versely proportional to r, but r can be approximately pro-
The basic premises of the theory [70) are verified by portional to the inverse of the pump intensity (assuming
slowly ramping the PZT voltage and observing the beat that the cavity intensity is negligible by comparison) when
frequency, along with the ring-cavity oscillation inten- the photoconductivities dominate [82]. Therefore, the ob-
sity. Typical results are shown in Fig. 18(a) for an 80 mW served dependence [Fig. 19(a)] agrees with theory.
pump beam incident at 40' from the c axis of BaTiQ3 and The oscillation conditions for the unidirectional ring
at 20* from the oscillating beam (both angles are external resonator are dependent on the two-wave mixi g gain
in air). (-yL) in the photorefractive medium. -rL is varied by ro-

The intensity of the unidirectional oscillation versus tating the BaTi0 3 crystal with respe.t to the pumping and
cavity length [Fig. 18(a)] indicates threshold gain condi- oscillating beams [83]. When the gain is too small, no
tions [(194) and (195)]. The beat frequency between os- unidirectional oscillation is observed, regardless of ring-
cillating and pumping beams, as observed in the time cavity length. For yL just above threshold, two pro-
variation of the fringe-pattern intensity [Fig. 18(a)], nounced differences are evident, contrasting with -yL
clearly corresponds to the position of the PZT - MI. large. First, the amount of cavity detuning that is accom-
When MI is exactlý at the correct position (chosen as the modated before oscillation ceases is greatly reduced. Sec-
origin), the fringe pattern is stationary, i.e., there is no ond, the maximum frequency difference between the
frequency shift. As M, moves away from this origin, the pumping and oscillating beams is much less. The quan-
fringe motion becomes faster and the frequency difference titative trends of these two effects are given in Fig. 19(b)
increases. Fig. I8(b) shows the linear d4ependence of the for a pump power of 80 mW.
frequency difference on cavity detuning with the ramping The threshold oscillation conditions given in expres-
period equal to 20 000 s for improved resolution. sions (194) and (195) agree with the data (Fig. 19(b)].
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CaCvet tdTE~dSITV (MW) 4 Fig. 17. Similar behavior is observed with other config-10 20 3,0
a' -'urations. First, the orientation at the BaTiO3 crystal in

S Fig. 17 can be altered so that the pumping and oscillating
Z; beams enter the a face but in such a way that no self-Zo pumping occurs 153). Second, the BaTiO 3 can be replaced

by crystals of strontium barium niobate [841, (85] (nomi-0 nally undloped and cerium doped). Third, a linear reso-
Z 04 nator (Fig. 20) can act as a self-pumped phase conjugator
d (54). The observed frequency shift of the phase-conjugate

beam is exactly twice that of the self-oscillation, which is
8a3 necessary to satisfy energy conservation for slightly-non-

degenerate four-wave mixing (86]. In all three variations,
the measured frequency diffzrences correlate with cavity

or . - length detuning; results equivalent to those shown in Fig.
PUMP INTENSITY (-,W) 2 18 are obtained.

(a) In summary, the experimental results indicate that the
frequency difference between the oscillating and pumping

EXTERNAL ANGLE (060) BETWEEN PUMP GEAM & c-AXIS beams in the unidirectional ring resonator depends on the
1 6 3030404 optical cavity length. This dependence supports the the-

ory [701 that uses a photorefractive phase shift associated
0 with slightly-nondegenerate two-wave mixing to satisfy
0 .3 the round-trip phase-oscillation condition for the ieso-

1.-20 n nating beam. Similarly, the observed frequency shifts in
oter photorefractive resonators, including self-pumped

S phase conjugators, may also be explained by the same
a ~ mechanism. This is the subject of the next section.

0O.6- -1
- ~ B. Resonator Model of Self-Pumped Phase Conjugators

X The theory of unidirectional photorefractive ring reso-
nators described in the previous section can be extended

0 to explain the phenomenon of self-pumped phase conju-
2 3 4 5 gation using BaTiO 3 crystals (sometimes referred to as the

(b) cat mirror [53]). It is known that optical four-wave mix-
Fig. 19. osciilation threshoid behavior for the unidirectional ring resona- ing can be used to generate phase conjugated waves. In

(Or: (a) maximum beat frequency as a function of pumping-beam or ring- self-pumped phase conjugation, no counterpropagating
cavity power along with a linear fit (solid-line); (b) maximum beat fre- beams are supplied externally to provide the pumps
quency (left) and cavity detuning (right) as a function of two-wave mix- nee ntefu-aemxn rcs.I diin efing gain -yL, where -yL is related to the external angle that the pumping nee ntefu-aemxn rcs.I diin efbeam makes the crystal's c axis as shown (top scale). Note: the two solid pumped phase conjugators using photorefractive crystals
curves in (b) correspond to the evaluation of (194) and (195) as described such as BaTiQ3 have received considerable attention be-
in text 171). cause of the relatively high reflectivities (e.g., 30-50 per-

cent) that can be easily achieved even with low-power
The solid curve associated with the left-hand scale of Fig. lasers 153], 1541, (87]. There have been several models
19(b) is generated from (194) for A =5.1 and r =0.53 developed for the self-pumped phase conjugation inside
s.This cavity-loss factor A is estimated independently BaTiQ 3 crystals. These include backscattering via 2-k

from R x 0.99 X 0.91 X 0.81 (for M1, M 2 , and BS 3 , gratings (551, (561, two coupled interaction regions [571,
respectively), T. = 0.52, and T. 0.016 (for a cavity enhanced coupling via frequency-shifted waves 158],
length Of 50 cm). Accumulating these contributions gives time-dependent four-wave mixing [59), and photovoltaic
.4 5.2, in excellent agrdement with the observed 5.1. contributions 160]. In what follows, we present a reso-
The fight-hand scale of Fig. 19(b) shows the dependence nator model of self-pumped phase conjugation. Such a
(ifthreshold cavity detuning (i.e., the maximum detuning model explains the origin of phase conjugation inside a
that will still support self-oscillation) on -yL, along with BaTiQ3 Crystal and also explains the frequency shift of
the Prediction from (195), where iM' is normalized by 2-r. the order of ± 1 Hz (56], (80], (89].Remarkable agreement is obtained using A = 5.1 from Referring to Fig. 21, we consider the incidence of a
1:19. 19 (a) and no adjustable parameters. laser beam into a cube of photorefractive cyrstal. The

The interdependence of the optical cavity length and crystal cube can be viewed as a dielectric optical cavity
(he beat frcquency between the oscillating and pumping which supports a multitude of modes. These modes arebeams is a general property of photorefractive resonators. trapped inside the cry'stal due to total internal reflection atTrhese result' are not unique to the optical setup shown in the surfaces. When a laser beam is incident into the crys-
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procity. We now discuss in some detail the nonreciprocal
PINHOLE intensity transmission and nonreciprocal phase shifts due

".3.1 8 . to two-wave mixing in photorefractive media. It is known
in linear optics that the transmittance as well as the phase

n (,ZTI •shift experienced by a light beam transmitting through a
U .-j- dielectric layered medium is independent of the side of

6-00 incidence. This is known as the left- and right-incidence

Fig. 20. Self-pumped phase conjugator using external reflectors to gener- theorem and is a result of the principle of reversibility
ate the self-oscillation with frequency shift 6 and the phase-conjugate 191]. This theorem is no longer true when the photore-
reflection with a frequency shift 26, where 6 is proportional to the linear fractive coupling is present. Such nonreciprocal transmit-
cavity length (71). tance was first predicted by -considering the coupling be-

tween the incident beam and the reflected beam inside a
slab of photorefractive medium [92). The reflected beam
is due to the dielectric discontinuity at the slab bounda-
ries. As a result of the photorefractive contradirectional

E.. two-wave mixing, energy exchange occurs between the
\• incident and reflected beams. Such an energy exchange

1 leads to an asymmetry in the transmittance. Fig. 22 shows
the two transmittances as a function of the coupling con-
stant. Notice that a significant nonreciprocal transmit-
tance is present due to the photorefractive coupling. In the
extreme case of strong coupling ( -yL >> I ), the slab al-
most acts as a "one-way" window. Such nonreciprocal

Fig. 21. Resonator model of self-pumped-phase conjugators. transmission has been observed in BaTiO 3 and
KNbO 3 : Mn crystals in the visible spectral regimes [931,
[94].

tal, some of the modes may be excited, as a result of the In addition to the nonreciprocal intensity transmission,
strong parametric gain due to two-wave mixing. In par- there' exists a nonreciprocal phase shift in contradirec-
ticular, ring oscillations such as those shown in Fig. 21 tional two-wave mixing according to (37), provided 0 *
can be generated according to the theory developed ear- 0. Such nonreciprocal phase shifts may be useful in some
lier. When the configuration of the resonance cavity rel- applications, including the biasing of ring laser gyros [661,
ative to the incident laser beam support bidirectional os- [75] [94]. In what follows, we consider the photorefrac-
cillation, a phase-conjugate beam is generated via the tive coupling of the counterpropagating beams inside a
four-wave mixing process. ring resonator.

According to this theory, the frequency of oscillation Referring to Fig. 23, we consider the insertion of a thin
inside the crystal can be slightly detuned from that of the slab of photorefractive crystal into a ring resonator. The
pump beam. Let wo be the frequency of the incident laser photorefractive crystal is oriented such that nonreciprocal
beam; the frequency of the internal oscillation can be transmission occurs. In the absence of the photorefractive
written medium, the two oppositely-directed ring oscillators are

= + 6 (196) degenerate in frequency in an inertial frame. As a result
of the nonreciprocal transmission, the symmetry is broken

where 6 is the frequency detuning and is on the order of and the degeneracy is removed. Since this may lead to a
± I Hz for BaTiO 3. Note that this frequency detuning de- split in the frequency of oscillations, it provides a bias for
pends on the path length of the ring oscillation inside the the ring laser gyro operation.
crystal. The bidirectional oscillation provides the counter Using the result derived in Sections Il-B and Il-C, we
propagating beams needed for the pump. As a result of obtain the following expression for the transmittance of
the conservation of energy, the phase conjugattd beam the two waves:
has a frequency of to + 26. 11  + _ _ 1

The resonator model presents a simple explanation of T I=+t(L._x) i+ m-
the frequency shift observed in BaTiO 3 self-pumped phase i1(0) 1 + m xp(3'L)

conjugators [56], [88], [89]. In addition, experimental 12(0) 1 + M
evidence indicates that internal oscillations inside the T2 - + m (197)
crystal play a key role in the generation of phase conju- l2 (L) I + mexp(-yL)

gated waves [90]. where m is the incident intensity ratio m - 11(0)/1 2(L).
Note that Tt < l and T2 > 1 for positive 'y. The sign of

C. Optical Nonreciprocity y' depends on the direction of the c axis.
We mentioned earlier that the energy transfer in two- With I1 (z) and 12(z) given by (33), the phases 01 and

wave mixing may have application in optical nonreci- 02 can be integrated directly from (31). The phase shifts
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I.' • ,.' .,., quencies

f =N- N = integer (201)
S

which lie within the gain curve of the laser medium (e.g.,
0.4, He-Ne). Here S is the effective length of a complete loop

- and N is a larger integer. For S < 30 cm, these frequen-
0.2 cies (201) are separated by the mode spacing c/S ; I

.0 ! L GHz. Since the width of the gain curve is typically 1.5
0 2 , , 1 10 GHz due to principally Doppler broadening, the gyro usu-

Fig. 22. Transmissivities from the right-hand side and the left-hand side ally oscillates at a single longitudinal mode.
as functions of photorefractive coupling "yL. The oscillation intensity inside the laser cavity is deter-

mined by the gain as well as the loss and is given by [88]

1. = iC(go - g,) (202)
where Pc is the constant which depends on the laser me-
dium, g, is the unsaturated gain factor per pass, and g, is
the threshold gain factor. Note that both g, and g, are di-
mensionless. In a conventional ring resonator, the thresh-
old gain for both traveling waves is given by

g=aL - In R (203)

where a is the loss constant (including bulk absorption
and scattering) and R is the product of the three-mirror

I l i P4OTOffFACT1VE reflectivities.
CRYSTAL In the presence of the photorefractive coupling, the un-

Fig. 23. Schematic drawing of a ring laser resonator filledequal transmissivities make the threshold gain differentrefractive crystal plate,.qa rnmsiiismk tetrsodgi ifrn
for the two waves which now become

in traversing through the medium are kL + fit(L) -#1(0) g,l = aL - In TIR g,2 = cL - In T2R (204)

and kL + ý2(0) - 0,2(L) for waves El and E2 , respec- where T, and T2 are the beam transmittances given by
tively. These two phase shifts are different by an amount (197). The difference in the threshold gain leads to a split
A = 02(0) - 0'2(L) - [0k1(L) - fit(0)], which, ac- in the oscillation intensity. The fractional difference in the
cording to (31) is given by oscillation intensity is given approximately by

IL Ll2 1A = - d( 1 + -) 1- 2 dz. (198) 12 -- 11 In2 - In T 'yL (205)
0o Jo 12 + 1, (2 + 11 (g0 - g,) 2(g. - g,)

Note that this difference in phase shifts is zero when 12(z) If we now assume that the beam intensities are nearly uni-
= 11(z) between z = 0 and z = L, which corresponds to form in the photorefractive material (i.e., -YL << I ), the
C = 0 in (33) (recall that 11(z) - 11(z) = 2C]. Using difference in phase shift A can be written, according to
(33) and carrying out the integration in (198), we obtain (198) and (205)
the following expression for this phase shift difference:

A-n 2 --0 (19OA_ IyL 2 (26
2 13 In - OL (199) 2(g. - g,)" (206)3'

where T2 is the beam intensity transmittance given by This expression agrees with (200) provided (go - g,)
(197). Note that A can also be written as A = (20/hy) log << 2, which is legitimate because (go - g,) is typically
T, + 13L. For small couplings, i.e., -yL << i, this dif- on the order of 10-2.The unequal phase shift for the oppositely-directed
ference in phase shifts can be written approximately as Treling w av e spnst ffrenteffeciveotca

traveling waves corresponds to different effective optical
A = 1 +ray 2 2 20) path lengths for the waves. This results in a difference 0l

n + I + (I + r) between the angular frequencies of the laser oscillation of
the two beams. The difference is 0 m w2 - wl = -cA/S.

where we recall that m = l(O)/1 2(L). which can be written, according to (206), (19), and (20)
In a conventional ring laser gyro, the oscillation fre-

quency as well as the intensity are the same for two beams C -L 2  2r 2  sin 0 cos 0 (207)
in an inertial frame. The oscillation occurs at thos fre- -S 2 (go - g,)(0

135
C I 1264DD/ejw



SC5•38.FR Rockwell International
YEH: TWO-WAVE MIXING IN NONLINEAR MEDIA0 - Science Center

where we recall that 0 is the relative phase shift between which is generally true in most photorefractive crystals.
the index grating and the interference pattern. We note The attenuation in the crystal may affect the difference in
that Q is not zero provided sin 4 cos 4 *0 . phase shift according to (198) because 12 - I1 is no longer

We now examine the angular frequency split R for var- a constant. Numerical analysis is required to include the
ious cases. For the pure diffusion case (i.e., no external attenuation and obtain a more accurate result.
electric field) in photorefractive material, the phase shift
4 is given by 4' = ,r/2 - tan-' 07, according to (46). D. Real-Time Holography and Beam Processing
Thus (207) becomes We mentioned the holographic implications of two-

4v2(An,)2 L c2lT wave mixing in photorefractive media earlier. Let us now
fi 2S(g~,, g,) (I + g2T2)2 (208) elaborate on this idea in some detail. The formation of an

index grating due to the presence of two coherent laser
which has three solutions. The trivial one is 0 = 0, which beams inside a photorefractive crystal is formally analo-
corresponds to an unsplit oscillation. The other roots are gous to the recording process in conventional holography.
given by Consider the procedure shown in Fig. 24(a), in which two

2g /2 laser beams intersect and form an induced index grating.
)= ±l - L[ I 1/ ,209) The index grating, as given by (10), contains the product

r X ~S (& - g') of the amplitudes A, and A2. This index grating is a ho-

Taking -=100ms, S=30cm, g- g,=0.01,L= I logram formed by a "reference" beam A,, and an "ob-

mm,TAn, = 10 -s, X = 0.6328 m, (209) yields Q, = 103 ject" beam A2. The transmission function of such a ho--Im logra ca b0-e written#,(29 yedsfo 0

s-, which corresponds to a frequency split of 160 Hz. logram can be written
Whether the ring gyro will oscillate at the same frequency t ~ An - A*, A2 exp (-iK
(0 = 0) or with a split flo, or both, is a subject of mode
stability. + A,A* exp(iK F) (211)

It is shown that there are three modes of oscillations.
The stability of these modes will determine the actual where A, and A2 denote the complex amplitudes of the
mode of oscillation at steady state. To investigate this is- -reference and object fields, respectively.
sue, we need to examine the effect of small perturbation In the reconstruction step [see Fig. 24(b)], the holo-
on the oscillation frequencies. Using (207) and , = r/2 gram is illuminated by the reference beam A, exp (-ikI
- tan- 1 r, we consider that the frequency difference Q F ). The diffracted beam can be written
is slightly deviated from the solution by 6Q. This 60 will
change the holographic grating phase shift by 64'. Equa- nAIAi1A 2 exp (-J 2  (212)
tion (207) will then yield the resulting frequency differ- where t1 is the diffraction efficiency. We notice that the
ence Q + dO after substituting 4, + S6o for 4 on the right- phase of A, cancels out and the diffracted beam is a re-
hand side. The criterion for stable oscillation is construction of the object beam A2 exp (-i k 2 - F ). Sim-

-6) ilarly the "reference" beam A, can be reconstructed by
< 0. (210) illuminating the hologram with "object" beam A2 (see

Fig. 24(c)], provided beam A, is a phase object (i.e., A2
Using (46) and (207), we can plot the right-hand side has phase variation with I A2 I = constant).

of (207) as a function of fir. The solution of (207) can In addition to the holographic analog, two-wave mixing
then be obtained by drawing a straight line through the exhibits amplification which is a unique feature not avail-
origin with a slope of 1/r. The intersections of the straight able in conventional holography. Using these two prop-
line with the curve give the solutions of (207). The ratio erties, two-wave mixing can be used for beam processing.
(dO/60) is proportional to the slope at the intersections. As a result of the real-time holographic nature, photore-
We note that the solution at f = 0 has a positive slope fractive two-wave mixing exhibits nonreciprocal energy
which indicates that this mode of oscillation is unstable transfer without any phase crosstalk (961. This character-
according to the criterion equation (210). The other two istic can be seen directly by examining the coupled equa-
solutions of (209) are stable because they have a negative tions (17) and (18).
slope. Negative slope indicates that any deviation 40 The lack of phase crosstalk can be understood also in
caused by perturbation will eventually damp out. terms of the diffraction from the self-induced index grat-

In summary, we found that if the crystal is acentric, the ing in the photorefractive crystal. Normally. if a beam
nonlocal response of the crystal leads to unequal trans- that contains phase information # (r, t) is diffracted from
mittance and phase shifts of the two waves. These, in turn, a fixed grating, the same phase information also appears
lead to a split in the oscillation intensity as well as oscil- in the diffracted beam. In self-induced index grating, the
lation frequency. The frequency split may be utilized to phase information ý(r, () is impressed onto the grating
bias a laser gyro away from its lock-in region. In the above in such a way that diffraction from such a grating will be
derivation, the bulk absorption in the photorefractive ma- accompanied by a phase shift -J(r, 0. Such a dynamic
terial is neglected. This is legitimate provided a << -y. hologram makes self-cancellation of phase information
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Fig. 25. Schematic diagram of the experimental setup for spatial wave-
front correction. For temporal wavefront correction. the phase distorter
(PD) is replaced by the set of mirnors shown in the inset. BS. bearr
splitter; DL, divcrting lens; FL. focusing lens; HP. half-wave plate
(5145 nm); M. plane mirror; P. polarizer; PD. phase distorter. S. sam.

tc) pIe; SC. sreen 1961.

The beam splitters BS 2 and BS, together with the mir-

rors M4 and M,7 constitute a Mach-Zehnder interferometer
Fig. 24. Real-time holograph)., whose output fringe pattern represents the spatial phase

of the pump output. Similarly, the beam splitters BS3 and
possible when the incident beam is diffracted from the BS5 and the mirrors M5 and M( constitute another inter-
grating produced by the incident and the reference beams. ferometer for displaying the spatial phase of the signal
Such a self-cancellation of phase information is actually output. The diverging lenses DLI and DL2 are used to
equivalent to the reconstruction of the reference beam magnify the fringe pattern projected onto the screen SC.
when the hologram is read out by the object beam. Without the spatial phase distorter PD in the paths of

Energy transfer without phase crosstalk can be em- the beams, the fringes of each are concentric circles, rep-
ployed to compress both the spatial and the temporal resenting the spherical wavefront introduced by the con-
spectra of a light beam [97]. In other words, the energy verging lenses FL, and FL2 . Pictures of such fringes are
transfer without phase crosstalk can be utilized to clean shown in Fig. 26(a). With the phase distorter PD (a mi-
up both the spatial-wavefront and temporal wavefront ab- croscope slide etched with hydrofluoric acid) in the path
errations. In what follows, we will describe separately the of the pump beam (see Fig. 25), the spatial wavefront of
cleanup of these two types of aberration. the pump becomes strongly aberrated, as shown on the

In the cleanup of spatial aberration, a spatial mode filter left-hand side of Fig. 26(b). The wavefront of the ampli-
(e.g., a pinhole mirror) is used to select a clean part of fled beam. however, remains essentially undistorted [the
the aberrated beam. The rest of the beam consists of sev- right-hand side of Fig. 26(b)).
eral spatial-frequency components. After the separation, With the pump intensity on the order of 400 mW/cm3
these two portions of the beam are brought together at a (total power of the order of 30 mW) and a signal-beam
photorefractive crystal. Because of the energy transfer intensity on the order of 8 mW/cm2. a signal gain (de-
without phase crosstalk, the signal beam can be amplified fined as the ratio of signal output power with and without
without bearing any phase information from the aberrated the pump beam) of about 10 has been achieved with our
part of the beam. SBN sample, for the experimental configuration described

The experimental configuration is shown schematically above, with no special care or optimization. For the case
in Fig. 25. An argon-ion laser beam with output power of corresponding to thze pictures shown in Fig. 26, the signal
a few hundred milliwatts at 514.5 nm is used as the co- gain decreases (tom 10 to 7 as the phase aberrator is in-
herent light source. The polarization of the laser output is troduced. Our experimental results clearly demonstrate
rotated 90' into the plane of incidence so that the largest that energy transfer without phase crosstalk can be real-
effective electrooptic coefficient of the SBN crystal, es- ized by two-wave mixing in photorefractive media.
sentially r), can be used. The beam splitter BS is used to The cleanup of temporal aberration can be understood
split the incoming beam into the pump and the signal in terms of nondegenerate two-wave mixing in photore.
beams, which are mutually coherent. The beams are then fractivc media. Let the frequencies of the two beams be
loosely focused onto the sample S by the focusing lenses f, and f,. respectively. In the photorefractive medium.
FL, and FLz, respectively. The average spot size of each these two beams generate a traveling interference pattern.
beam inside the sample is approximately 3 mm in diam. This interference pattern induces an index grating. The
eter. The sample used for the experiment was a crystal of index grating has a frequency of ( f, - f, ). As a result of
single ferroelectric domain of SBN with a 5 x 6 mm cross the nonlocal response of the crystal, energy transfer oc-
section and a thickness of 6 mrm. The external angle # curs that allows one beam to accept and the other beam
subtended by the two beams was approximately 10". to donate energy. Note that when beam 2 is diffracted from
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PUMP BEAM SIGNAL BEAM

(b)

Fig. 26 tnt~erctiece tringel representing the %ptmtul PhANe o~f the punip
oiutput and the amplified signal output. (a) With nto phatue diuinlcr in
Ixitf arms. (b) With phase di~toter tin the pump K-Am ptof tw enterng~
the photoeeftactive RAteIal4 1%61.

the holographic grating, its frequency is shifted to ft be-
cause tale index gratirng is traveling with a frequency of
( f2 ft ). Thus photons of frequency fj can be convened-SGA
to photons of frequency ft. A temnporally-aberrated beam SINA

* may be considered as a superposition of several frequency I
cornihnents. Thus, by using a frequency filter to select a
single- frequency component and then to recombine it with
thc ;est of the beamu at a photorefr-active crystal. it is pos-
%ible to clean up the tetup-oral aberration of light beamts. " OU~tNffMC h
i1 -, our experimental work, we use a piezoelectrically Ht 2O rcptlptwttAtIou of theNC 2*1upu*n ahihc e

driven mi~rror to intro~duce lthe tettuporarl wavefront aber- ~ t~~~~i h m ~puw i 196t 1 mpie n~i

ra4tio~n. *?he experimental sciupl I- almost identical to that fj

used in lthe prfevious experittuent except that the spatial
distorter PD) (see Fig, 25) is, now replaced by a tempotxrul gain versus pumup muodulation frequency akt various pump
phase ttiodulatof. As the mirrfor moves at A Constant Ve- and signal po~wer levels are given tin Fig. 28.
locitv V. thke frequenicy f of lthe p1ump beat" is D~oppler The Cxpertaltiet dectitbed aboive canl be viewed as a
shinled by Ar an aount Af giveit by neaurly de-etletate tk.o wave mnixing expef~riment Wilit a

al vety smlall ltequec\w tit.tset Af ) of a few hetit. I hesli
.~Itit&le-. itt Fie. 28 teptesetit lthe theotctical flit, based on (-4N

where f is the omttgial puttip fretquect: ~. is 1 the linecat and (50) using! tile titte cotnstant Ia-% the ;adjustable pa
VelkcitV of lthe tn()iov lug ittotkt -and is th ie velocitv oft taetetltt [he AepWndeCtW Of the ttatetial timte constanit onl
tight in air. This frequectuy shill, or, equtVAknttly lithe (the Iitput beAtit RAntesitV tatit) znd thle tot.2l tinpt Intensity
tetitlkiral phase mokkdulatimi, Is pi)cked up by ak detector at cant thus be deduced A ix pial result i, illusitfAte in l-ig
lthe output poltt of the Mlach tebttidet sefemte.Thte 24~ Note tha-t lthe titte contstant is tclattvely ttiasensitiaC to

iettllkatal Phase varit.tiontito thle puttip outside With a tie tkispu Iwamt iit~ttisit\ t.Atko
qu~ rac tiultutAiion of 2 lit i., 1hoti lin thle lower tra'r c If In concl,:ustin ýAe ha e deittihsst:3ted ttanteCipttik:af eH
lthe iascillogantn ( Ftg ?1) 1 the Cottsjtes idtug tettilhotAI ergý tilnfet 'Akthifiot phtase ItOsi-alk antd ba.sl: sut.%,1rded
ph1ase Vatiatikint of lthe ttttjilt11ekI .tllsal, a-, pitsd Up b) 41 in beant cle-anup I) f.i l using fiitotretadtvec two wave tstiI%
sititlar detecttor, 1% is etesented bl the ufifi~ tiace of tile ting tin SkIV ix Hol titi sýlatial Attd tetttkutIl ph1Ase 41)

U.siscilogianst Notice tha2t thle temfhittAml pohase of the Itiplkt itationtq of Laset beams it Atf cl eanerd up., ptosided that
lied mignal is esýsettialh urtipemsumtwd the sIignal K2;tt. thke phase-ý abemtion3~t does 210t Lhane tjgnusal OVC a
howevet, dropsý capidly a% tile puttip ittdulAtitto Ire. Ierod that Is the tittlCi~estt Of theO thktteial 'th ho
queticy il iitctrased t1 ifietitmetitil iesUltsA hit the n llOgtastts aeICOiditte ititti t of %S1Nci tlts11 is 1ti~ Itx
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----- in photorefractive materials has been proposed and dem-
onstrated 11021. Such logic operations use the nonlinear

phenomena of signal beam saturation and pump beam de.
pletion in two-wave mixing. In addition, the erasure of

hologram by a third beam can be used to control the effi.

a irciency of two-beam coupling. Recently. the transient re-
sponse of the photorefractive effect was used for the time
differentiation of coherent optical images.

t1 Vt. CONCLUSIONS AND DISCUSSIONS

In conclusions, we have considered the coupling of two
electromagnetic waves in various nonlinear media. in-

0 4mw0 1 oM M N cluding photorefractive crystals. Kerr media, and cubic
Fit. 21 signal gain versus pump modulation frequency at vaous pump semiconductors. The energy transfer as well as the phase

and signal power Ievels 1,(0). signal input power. 1(0). pump input shift due to coupling were derived and discussed. The re-
power, I,(L). signal output power with pump beam on. 1.(L). signal suIts were then used to understand the oscillation of pho-
output power with pump beam off. 0: 1,(0) - 10 rW. 1,(0) - 0.26 torefractive ring resonators as well as the physical origin
rw-. 0: 1,(0) - 10 row. I'(0) - 2.5 mw; -0: 1, (0) - 200 mw.
0, 0) - 0 4 mW. A: 4,(0) - 200 mW. 1,(0) - 4 mW. The solid of self-pumped conjugators. We also presented a coupled-
lines art the theoretical fi with tMh time cans" r as he adj"Ust mode analysis of the coupling of two polarized beams in
prameter 196] cubic photorefractive crystals. Cross-polarization two-

beam coupling was discussed in some detail. In the last
part of the paper, we discussed several applications using
two-beam coupling in photorefractive crystals, These in-
clude ring laser gyros, real-time holography, beam pro-

0.5o cessing, and information processing.

_ APPENDIX A" o" KERR COEFFICIENTS

12 . A. Conversion Betmeen Units and Definitions
S, 1 The Kerr effect is traditionally described by a depen-

dence of the index of refraction on the electric field byA* o 40 4aM o "20 t44 t"o i4 23 F"o 310zl0,t, 0 1 o•10" 0 = nt + na(EZ) (At)

Fig 29 DependcKce of the time co•stsat (hologram fteotang time) or *here n. is the index of refraction at E = 0. n. is the Kerr
the SIN smptle oan towal isput per "A the beam power ratio 1,0).
signal isUt p0we,. 4,(O). pump iput PO,€. 1. at - 0O)lt. o coetilcient. and the brackets ( ) stand for time-average.
4t(0) - 10m w. 1.0) - 0 26 inw. i- 40. . 1,(o) - t0o w. 1.(o) Some workerx adopted the following definition:
"- 2.S mW. a - 4. #. 1,1o) - 10 raW. 1,(0) - 0.2 aW. a - S00.
0. 1,40) - 100 niw. 1.10) - 34 RW. M - 4: 0: 1o(0) - 200 OW. n, + (A2)
1,(0) - 0 4 mnW. at - S0o. A: to(0) - 200 sW, 1.0) - 41 mkw. at
,4 t l where Iis the intensntt' of electromagnetic radiation fRCa-

sured in units of W/ m in the MKS system of units. The
conversion from both definitions and beteu-en MKS and

cpritentmc ll)h. Although the physical menhmnosm is di- ESU units is given in Table Ill. We note thAtferent from the Raman coupling, the phenomenon of en-

ergy exchange wsithout phase crosstalk is similat to the I eet (Ft) (A3)
Ra•an beam cleanup t9s 1-[ 1001. and

The latser beam cleanup tchnique can also be useid in
con)unctton with a phase conjugation to corret lot the fot L" 1 lSU.t - 3 l%' VAn
distortion due to crystal i•pcfectitt.. Su4h a s• m heme 6

been used to clean up laser beams using a SUN crystal tot

two-wave mixing and a ia'O1 cryistal as the t-oajugtati j Re:roas[* a Between *. dgt " ,
o10ll. The Kerf coclhctsnt a. is al-so rhflted to the thitrd.odet
Two-wa•e misag in nonlinear medt3 Can be used tor dielectrc IuxHptmbdtt> 't' Bere we ditens the relation.

appltcatiots in Optical inforsoatton processing The for-

mation of holograms (volume index grating) can be used ship betceir them totr isitropi media such x lhqutids ot

for the storage of th•re-dumemitonl Infonratioa 1121. The gases In additi" o to the CsGS and MKS uniti, there arc
several conventions used in the deiftnauot 0( lti" (Ill 121* nnrectpCrOIal energy transfce can be used for the afrit, thIsl Pipet. wAe adopt the f00% ingas drfin of I'ion 121

ficatton of spatial imtges 1771 In the atca o opatcal to.n-
puling. digital logic o•pertumn using two-bewa c*utipliJ * ; to% 11 t 10E (A4)
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TABLE Itt Putting z = o in (86) arid solving for C. we obtain
CoNVIIaSMoN TABLIF FOR KIA1 COFpIC,,p.17S

MR.,DI: I'I(O) I

ISU MKS ('/Vi' ESU MKS tmn/V) where we recall that C -II(O) + I.(O). Using the deli-
I / 11 X o- 4.2 xr 10"' 4.2 x 10

to-t 1/9 X 10'" 4.2 X 10"' 4.2 x 10V'(for CS2 ) nitions for mn and -1 from (124) and (125). respectively.
and (B7F), II(z) can be rewritten in the form of (122). The
solution for 12(z) can be obtained from (122) and (BI).

where P is the polarization and E is the electric field. This completes the solution for I,(Z) and 12(Z).
Using the complex number representation [II for sinu- Solutions for the phases 4 I and ýj can be obtained by
soidal varying field such as the one given in (6). the corn- substituting (122) and (123) for I.(z) and 12(z). respec-
plex amplitude of the polarization at frequency w is tively, into (119) and carrying out the integration. The

P()- (0)"1 E ()) E *EEE. (AS) process requires the following integral formula:

If we rewrite (AS) as 5Fý 134. A6 r]d
Pw - tl + 3/4 X')EE (6 I + B cxp [!A exp ( -ax)}

then the index of refraction can be written

40 - D)~ tox" + 3/4 )L"E-EjE. (A7) = ~logt I + ciep 1-A cxp ( -az)]3 (8S)

We now compare WA) wihUsing the expressions for I()and I:(z) and the above

n, (EF) 1/2 nE*E (AS) formnula, we arrive at (126) and (127). This completes the

and we obtainderivation of 11(z) and ()
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where C is a constant equal to /,(v~) + 11(o). Using (81) tN.KDS Yolk Waiey. 19$4
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d ~A~F. . vol $4. 129 5. 9
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ABSTIRACT

Mcatsurements of two-wave mixing gain and phase-conjugate response in barium titanate using
GaAIAs diodc laser sources emitting at 830 nm are discussed. Gain coefficients as !argc as 18
cm have been obtained with optimized mixing geometries. With an optically isolated barium
titanate ring passive phase-conjugate mirror we have obtained phase-conjugate reflectivities as
large as 56% (uncorrected for Fresnel reflection losses) and response times on the order of tens of
seconds. These results represent significant improvements over corresponding values previously
reported in the literature.

I IUNTRODUCTION

To date, nonlinear optical effects such as two-wave mixing (TWM) and phase conjugation in
photorefractive materials like barium titanate (BaTiO 3 ) and strontium barium niobatc
(Silt 0lal.,INb20 6 :Cc) have been examined primarily at visible wavelengths near 515 nm. Recent
interest in near-infrared wavelengths has been brought about by the availability of low-cost, highly
efficient, compact semiconductor diode lasers that operate at these wavelengths. While some two-
wave mixing and phase conjugation experiments have been performed using diode lasers. 1

-
4 a

careful investigation of the nonlinear properties of photorefractive materials at these wavclengths
has not been reported previously. In this paper we describe measurements of TWM gain and
response time using BaTiO3 at 830 nm. as well as measurements of phase-conjugate response time
ai'd ,;enctivity for PaTiO3 in a ring conjugator configuration at this wavelength.

2, TWO-WAVE MIXING

Two.wave mixing in photorefractive materials is dependent upon many different factors. When
peMirmiiug a two-wave mixing experiment, the two most critical puameters an tylkally the two-
wave mxiturg gain coefficient. r and the time response of the photorefractive process in the
matefria. The two-wave mixing gain coefficient. r of a photorcfraeuve crystal such as UIaTiOl can
be written as

I. A . c',

where 20 is the extertwil ctossing aagle between the two btas.us 20k is the inteinal crossing aftle.
)t

8 the param tets A an U ,t.•u€ to thc hct€r•utve peopvucs of the material its follow%:

an. a )

b

I a
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where reff is the effective electro-optic coefficient. It is the magnitude of the grating wavcvcctor.

M(k) accounts for electron-hole competition. n is the refractive index. kBT/e is the thermal energy
per charge, and X is the free space wavelength. N,(( is the effective density of photorefractive
charge, and te, is the de dielectric constant along the direction of the grating wavevector. The
steady-state two-beam coupling gain 0. is defined as

G f- (4)1,

where I is the transmitted probe beam through the crystal with the pump beam on. and 1p is the
transmitted probe beam with the pump off. For largz pump/probe ratios, the gain can be rclatcd to
r by

G - otp (rL) (5)

where L is the interaction length in the crystal for the pump and probe beams.

The time response of the photorcfractivc process in a material is given byt.7

I EE,

It 44• (6)
01- - )

where the dielectric relaxation tine is

44 . 1 (7)

aW the factors F.. tE% a.md 6 az defined as

k5 T It

oN.l ~ , - - ( l -lt ) •

*bL (,ItR)

"The f "•,oYVbw.uot ,ai R - NA/'N. Wh NA (ND) ithe numbfe- deroity of PhoIf•'ftWtIvT
acccptot% (doave£%). pt is the nwohility, s ts the phot ottazton cross ection, Wad I., t th. lh ht
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passing through polarizing beamsplitter PBS. Beam asymmetry was corrected with an anamorphic
prism pair. This beam was split by the 50% beamsplitter BS into a pump and a probe beam.
Neutral density (ND) filters attenuated the probe beam allowing for a variable pump/probe ratio.
Shutters SH were used for blocking either beam, while lenses L.2 and L3 (f=40 cm, located -30 cm
from the sample) lightly focussed the beams into a BaTiO 3 crystal (5 mm per side cube) immersed
in a temperature controlled oil bath (index-matched to the glass cuvette). Spot size in the crystal
was 1.5 mm. The transmitted probe beam was monitored by detector D. The probe and pump
beams had incident angles of cc and 13 with respect to the face normal of the glass cuvette, with
pathlengths matched to within a few centimeters. The crystal was also tilted with respect to the
cuvette window by an angle y. After taking into account Fresnel reflections and scattering losses,
a linear absorption coefficient of 0.08 cm-1 was measured for the crystal at 830 nm. Between
successive two-wave mixing measurements, all gratings in the crystal were erased by a uniform
intensity beam from either an argon ion laser (514.5 nm) or a HeNe laser (632.8 nm).

Table 1 lists measured TWM gain, G (see Eq. 4) for various intensities and geometries (for
negative (x, the pump and probe beams were incident from opposite sides of the cuvette face
normal; see Fig. 1). A geometry consisting of angles ox=25", P=50%, and y-=30" (cases F and G in
Table 1) proved best as it allowed access to the large r42 electro-optic coefficient in BaTiO 3 while
still maintaining good overlap of the pump and probe beams in the crystal. For this orientation
the grating wavevector/c-axis angle was calculated to be 31'. Figure 2 plots the measured TWM
gain coefficient versus crystal temperature for this configuration. In this case, a pump beam
intensity of 680 mW/cm 2 was used. A large pump/probe ratio (>105) was also used to ensure
minimal pump depletion (unsaturated gain). At room temperature, the net intensity gain was
5200, which for a 5 mm interaction length corresponds to a gain coefficient of 17 cm"1. The gain
increased to 8000 (18 cm- 1) when the crystal was cooled to 11 "C, which is on the edge of a
tetragonal-to-orthorhombic phase transition (reported to be in the range from 5-10"C 5'8 for
BaTiO 3). Note that these gain coefficients are comparable to thor" measured in the visible,9
suggesting that NA is not significantly reduced in the infrared. While the known temperature
dependencies of rrff and e in Eqs. 1-3 predict a strong enhancement of the photorefractive gain
upon cooling, the observed improvement was actually quite small. Further study is needed to
explain this discrepancy.

Figure 3 plots the measured TWM time response (time required for the TWM gain to reach
(1-e- 1 )2 of its maximum value when the pump beam is unblocked) versus crystal temperature. As
shown, the temperature dependence of the time response was relatively slight, increasing from -50
seconds at room temperature to -100 seconds at 1 lC. The most notable feature of these results is
that they are two to three orders of magnitude larger than response times previously measured at
visible argon-ion wavelengths. 10° 11 This increase is believed to be attributable to a reduction of
the photoionization cross-section at longer wavelengths.

3. SELF-PUMPED PHASE CONJUGATION

The advent of efficient and compact semiconductor diode lasers has increased interest in using
phase conjugation in photorefractive materials to provide distortion correction for these
devices.12-14 In the first reports of photorefractive response at 830 nm with light from a GaAIAs
diode laser, a ring passive phase-conjugate mirror was formed using BaTiO3 as the real-time
holographic medium. 1,2 A phase-conjugate reflectivity of 16% was obtained with an incident
power of 3.6 mW (126 mW/cm 2, uncorrected for Fresnel reflections). The time needed to reach
90% of its steady state value was 40 sec (time-response intensity product -5 W-sec/cm 2). This
reflectivity was also obtained when the GaA1As laser was replaced by an argon-ion laser emitting
35 mW (1.4 W/cm 2) at 1090 nm, although the time response intensity product at this longer
wavelength increased to 500 W-sec/cm2.2 In another study, a phase-conjugate reflectivity of 30%
was obtained using a 3 mW (150 mW/cm ) beam.3 About 120 seconds were needed to establish a
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phase-conjugate beam. When the crystal was rotated ± 90, comparable phase-conjugate
reflectivities were obtained with longer start-up times. Similar reflectivities were obtained using a
35 mW (1 W/cm2 ) Nd:YAG laser operating at 1.06 nm. Start-up times, however, were on the order
of 10 minutes.

3

In our experiments, we have obtained phase-conjugate reflectivities as large as 56% (not corrected
for Fresnel reflections) with response times on the order of tens of seconds. This represents a
significant improvement over previously reported work.

Figure 4 is a schematic diagram of the experimental setup we used for self-pumped phase
conjugation at 830 nm. A temperature-stabilized single-mode diode laser operating at 828.8 nm
was coilimated by lens L1 (focal length f=8 mm). The horizontal polarization component of this
beam was then transmitted through a polarizing beamsplitter PBS. Asymmetry in the beam was
corrected by a prism pair before it was focussed by lens L2 through a Faraday isolator FR (35 dB
isolation). The transmitted beam was then collimated by lens L3 to a spot size of approximately 2
mm. The polarization of the beam (at 45" with respect to the plane of the paper due to the Faraday
rotator) was rotated back to horizontal by a half-wave (X/2) plate. This beam was then incident on
a passive ring conjugator (a BaTiO 3 crystal immersed in a temperature controlled oil bath and two
external mirrors M3 and M4 , with angles 01 and 02 both roughly 30"). A pellicle beamsplitter
placed in front of the crystal was used to sample the incident beam and the phase-conjugate
reflection (using detectors D1 and D2, respectively) to determine phase-conjugate reflectivity.

Figure 5 illustrates the measured temporal response of the self-pumped phase conjugator for
incident power levels of 2.6, 5.5, and 13 mW. Between measurements all gratings in the crystal
were erased with an argon-ion laser beam. The turn-on time of the conjugator decreased from 16
seconds at 2.6 mW (80 mW/cm 2) to 8 seconds at 13 mW (410 mW/cm 2) incident power. Once the
device turned on, the phase-conjugate signal increased to saturation in about 10 seconds. In all
cases, the saturation value corresponded to a phase-conjugate reflectivity of 56%, not including
correction for Fresnel losses at the air-cuvette-oil-crystal interfaces. At all power levels, the
phase-conjugate reflectivity was relatively independent of crystal temperature, which was varied
from room temperature to 10°C during the experiment. In previous studies examining two-
interaction region conjugator reflectivities, the reflectivity was found to be enhanced by
cooling. 4. 15 This discrepancy may be due to the gain being sufficiently large over the entire
temperature range we examined that the reflectivity of the conjugator was always saturated. In
contrast to the reflectivity, the time-response of the conjugator was temperature dependent. It
increased with cooling, as expected from the results of our two-wave mixing measurements reported
in the previous section.

The above results on the passive self-pumped ring conjugator represent the highest phase-
conjugate reflectivity and the fastest time response reported to date for photorefractive BaTiO 3 in
the near infrared wavelength region. As we have already mentioned, in previous experiments
considerably lower phase-conjugate reflectivities and longer response times were measured. 2-4 In
these experiments the diode laser was not optically isolated from phase-conjugate reflections.
When we rerhoved the Faraday isolator from our experimental setup, the previously reported results
were duplicated. Figure 6 plots phase-conjugate reflectivity versus time when the isolator is
removed (X/2 plate is also removed). Notice that the time response is much slower with the
isolator removed, even though we increased the incident power to 15 mW (475 mW/cm2). The
maximum reflectivity we could obtain without isolation was 28%, with significant fluctuations.
Most likely, these fluctuations were due to phase instabilities caused by the conjugate signal
reentering the laser.

With no optical isolation, we examined the effect of various levels of phase-conjugate feedback
on the frequency spectrum of the laser using a 2 GHz free spectral range spectrum analyzer. The
feedback level was controlled by placing neutral density filters in front of the ring conjugator.
Figure 7 illustrates the mode spectrum observed for various levels of phase-conjugate feedbac-k.
With no feedback (photo A), the laser operated single mode. Note that the photo covers two free
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spectral ranges. As pictured in photo B, with 0.04% of the output reinjected (measured outside the
laser facet with a pellicle beamsplitter), the spectrum was muluimode (bandwidth 1 GHz). With
>0.06% reinjected (photos C and D), the spectrum from the analyzer appeared flat indicating a
bandwidth much greater that 2 GHz. Separate measurements with a 1/4 m monochromator indicated
that the spectral bandwidth for these injection levels was >5 nm.

4. CONCLUSIONS

In summary, we have described TWM measurements in photorefractive BaTiO 3 using 830 nm

radiation from a GaAlAs diode laser. A TWM gain of 5200 (17 cm1) was measured at room
temperature, increasing to 8000 (18 cm- 1 ) at 1l°C. These values are comparable to these
previously measured in the visible. TWM response times were measured and found to be on the
order of 50 seconds at room temperature. Cooling the crystal increased the response time by a
factor of two.

Using a BaTiO 3 self-pumped phase conjugator operating at 830 nm, we have shown that good
optical isolation from phase-conjugate reflections is required to obtain optimal conjugator
performance. Phase-conjugate reflectivities as large as 56% (not correcting for Fresnel losses)
with response times on the order of tens of seconds have been observed. These values represent
significant improvements over those previously reported in the literature.
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Table 1. Measured two-wave mixing gain for BaTiO3

Iprobe(mW)a Lpump(mW)a -f(deg)b cg(deg)b P3(deg)b T(*C)c Gd

A 1.2 2.6 0 -15 15 22.2 1.4

B 1.2 2.6 15 -15 15 22.2 1.8

C 6.1 12.7 15 -15 15 22.2 2.3

D 0.098 12.7 15 -15 15 22.2 9.2

E 0.098 12.7 15 -15 15 10.7 9.7

F 7.3x10"5  12 30 25 50 22.2 5200

G 7.3x 10"5  12 30 25 50 11.0 8000

aMeasured before crystal
bSee Fig. 1 for geometry
'Crystal temperature
dTwo-wave mixing gain, see Eq. 5

LASER
DIODE M2
828.8 nm L2
30 mW

cL1

STOP N

BS S H /

P R IS M S H B aDI

PAIRIN OIL

SL3 BATH
M3

',M1

Figure 1. Experimental setup for two-wave mixing in BaTiO 3 at 830 nm

149
CI 1264DD/ejw



01% Rockwell International
Science Center

SC5538.FR
18.0 ""

- PU M P > 1 05

PROBE
17.8 0 PUMP POWER 12mW

zt-"

X 17.6 0

U-

- ' 17.4

1-2 0

17.2

17.0
10 12 14 16 18 20 22

TEMPERATURE (OC)

Figure 2. Two-wave mixing gain coefficient versus temperature. TWM geometry
consists of angles ca =25%, =50. and y =30.
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Figure 3. Two-wave mixing time response versus temperature, TWM geometry
consists of angles a =25', 0 =50% and y =30%
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Figure 4. Schematic diagram of setup for self-pumped phase conjugation in BaTiO3
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Figure 5. Time response of the sell-pumped phase conjugator with isolation
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Figure 6. Time response of the self-purrped phase conjugator without isolation
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ABSTRACT

There have been several significant new developments in
the area of photorefractive nonlinear optics during the past few
years. This paper briefly describes some of the important and
interesting phenomena and applications.

1.0 INTRODUCTION

The photorefractive effect is a phenomenon in which the local index of
refraction is changed by the spatial variation of light intensity. This spatial index
variation leads to a distortion of the wavefront and is referred to as "Optical
Damage."' The photorefractive effect has since been observed in many electro-
optic crystals, including LiNbO3, SaTiO3 , SON, BSO, BGO, GaAs, ItnP, and CdTe.
This effect arises from optically generated charge carriers which migrate when
the crystal is -xposed to a spatially varying pattern of illumination with photons
of sufficient energy.2, 3 Migration of charge carriers produces a space-charge
separation, which then gives rise to a strong space-charge field. Such a field
induces a change in index of refraction via the Pockets effect.' Photorefractive
materials are, by far, the most efficient media for 6ptical phase conjugations,$
and real-time holography using relatively low intensity levels (e.g I WicaIn).

2.0 TWO-WAVE MIXING

When two beams Of coherent radiation intersect inside a photzfelrac-
tive medium, an index grating is #armed. This index grating is spatially shifted by
v/2 relative to the intensity pattet.,. Such a phase shift leads to nonreciprocal
energy transfer when these two beams propagat* tKrough the index grating. The
hologram fttrmed by the two-beam interference inside the photorefractive media
can be erased by illumiating Sthe hologram with light. Thus dynamic holography is
possible using photorefractive ff4teriaLs.),e Some of the most important and
interesting &MiCations are discuss•d as follows.

Laser &Uar CleanL,
7wo-wave mixing in photorefract ve nedia exhibits energy transfer

without any Phase crossialk.0,1* This can be utKerstood in terms of the
dflractio Ifrol" tht self-induced index grating in tht photoretractive crystal.
Normally, if a beam that contains phase information (•Ar) is diffracted from a
fixed grating. the Sanme phase informsation appears it the diffracted- beani. In sell.
induced index gratings, the phae informatioa *(rtu i; impressed onto the grating
in sucK A way that diffrctaou from this grating will be accompanied by a phase
shift -4(r.t). Such a sell-carcellation of phase informatiOn is eqwivalent to the
reconfstrixtion of the reference beam when the hotograin is read out by the oble< t
beam. Energy transfer witthut pl•se Crosstalk can be employed to coprfess both
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the spatial and the temporal spectra of a light beam.1C This has been

demonstrated experimentally using BaTiO 3 and SBN crystals. 9-"

Photorefractive Resonators

"1he beam amplification in two-wave mixing can be used to provide
parametric gain for unidirectional oscillation in ring resonators. The oscillation
has L.en observed using BaTiO 3 crystals.' 2 Unlike the conventional gain medium
(e.g., He-Ne), the gain bandwidth of photorefractive two-wave mixing is very
narrow (a few hertz's for BaTiO3 ). Despite this fact, the ring resonator can still
oscillate over a large range of cavity detuning. This phenomenon was not well
understood until a theory of photorefractive phase -hift was developed.' 3 This
theory also predicts that the unidirectional ring resonator will oscillate at a
frequency different from the pump frequency by an amount directly p-oportional
to the cavity-length detuning. Furthermore, in a photorefractive material v ith
moderately slow response time -, the theory postulates a threshold where oscilla-
tion wiu cease if the cavity detuning becomes too large. The theory has been
validated exp-Limentally in a BaTiO 3 photorefractive ring resonator. "

Optical Nonreciprocity

It is known in linear optics that the transmittance as well as the phase
shift experienced by a light beam transmitting through a dielectric layered
medium is independent of the side of incidence. 1 5 This is no longer true when
photorefractive coupling is present. Such nonreciprocal transmittance was first
predicted by considering the coupling between the incident beam and the reflected
beam inside a slab of photorefractive medium.' 6 The energy exchange due to the
coupling leads to an asymmetry in the transmittance. In the extreme case of
strong coupling (yL I 1), the slab acts as a "one-wdy" window. Nonreciprocal
(optical ) transmission has been observed in BaTiO 3 and KNbO3:Mn crystals. ' 7 18
In addition, there exists a nonreciprocal phase shift in contra-directional two-
wave mixing. Such nonrecip-ocity may be useful in applications such as the
biasing of ring laser gyros.' 8, 1 9

Conical Scattering

When a laser beam is incident on a photorefractive crystal, a cone of
light (sometimes several cones) emerges irom the crystal. This has been referred
to as Photorefractive Conical Scattering. It is known that fanning of light occurs
when a laser beam is incident on a photorefractive crystal. 20 Because of the
strong two-beam coupling, any scattered light may get amplified and thus lead to
fanning. In conical scattering, the noisy hologram formed by the incident light
and the fanned light further scatters off the incident beam. The fanning hologram
Consists of a continuum of grating vectors, but only a selected portion of grating
vectors satisfies the Bragg condition for scattering. This leads to a cone of
scattered light. Photorefractive conical scattering has been observed in several
different kinds of crystals. 2 1-_2

Cross-Polarization Two-Wave Mixing

Cubic crystals such as GaAs and InP exhibit significantly faster photo-
refractive response than many of the oxide crystals. In addition, the isotropy and
the tensor nature of the electro-optic coefficients allow the possibility of cross-
Polarization two-wave mixing in which the s component of one beam is coupled to
the p component of the other beam and vice versa. A coupled mode theory of
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photorefractive two-wave mixing in cubic crystals was developed.21, The theory
predicts the existence of cross-polarization two-wave mixing in crystals posses-
sing a point group symmetry of 43m. Such a prediction was validated experi-
mentally using photorefractive GaAs crystals.2 5-27 Cross-polarization two-wave

-mixing provides extremely high signal-to-noise iatios in many of the applications
which employ photorefractive two-wave mixing.

Photorefractive Optical Interconnection

A new method of reconfigurable optical interconnection using photore-
fractive dynamic holograms was conceived and demonstrated.28 Reconfigurable
optical interconnection using matrix-vector multiplication suffers a significant
energy loss due to fanout and absorption at the spatial light modulators. In the
new method, the nonreciprocal energy transfer in photorefractive media is
employed to avoid the energy loss due to fanout. The result is a reconfigurable
optical interconnection with a very high energy efficiency. The interconnection
can be reconfigured by using a different SLM pattern. The reconfiguration time is
limited by the formation of holograms inside the crystal. Once the hologram
which contains the interconnection pattern is formed, such a scheme can provide
optical interconnection between an array of lasers and an array of detectors for
high data rate transmission.

3.0 OPTICAL PHASE CONJUGATION

Optical phase conjugation has been a subject of great interest because
of its potential application in many areas of advanced optics.4-6 For nonlinear
materials with third-order susceptibilities, the operating intensity needed in four-
wave mixing is often too high for many applications,. especially for information
processing. Photorefractive materials are known to be very efficient at low
operating intensities. In fact, high phase conjugate reflectivities have been
observed in BaTiO 3 crystils with very low operating power. In what follows, we
will briefly describe some of the most important and interesting recent
developments.

Self-Pumped Phase Conjugation

A class of phase conjugators which has received considerable attention
recently are the self-pumped phase conjugators.1?,29 In these conjugators, there
are no externally supplied counterpropagating pump beams. Thus, no alignment is
needed. The reflectivity is relatively high at low laser power. These conjugators
are, by far, the most convenient phase conjugate mirrors available. Although
several models have been developed for self-pumped phase conjugation,30- 30 the
phenomena can be easily understood by using the resonator model. 13,14,3S In this
model, the crystal is viewed as an optical cavity which supports a multitude of
modes. When a laser beam is incident into the crystal, some of the modes may be
excited as a result of the parametric gain due to two-wave mixing. If the incident
configuration supports bi-directional ring oscillation inside the crystal, then a
phase conjugate beam is generated via the four-wave mixing. The model also
explains the frequency shift of these conjugators. 3 s

Mutually Pumped Phase Conjugators

Another class of phase conjugators consists of the mutually pumped
phase conjugators (MPPC) in which two incident incoherent beams can pump each
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other to produce a pair of phase conjugate beams inside a photorefractive
crystal. The spatial wavefronts of the beams are conjugated and the temporal
information is exchanged. The phase conjugation requires the simultaneous
presence of both beams. Recently, conjugators were demonstrated experimentally
using two incoherent laser beams in BaTiO 3. 36 , 38 ,39 These phenomena can be
explained in terms of either hologram sharing 3 9,"0 or self-oscillations37 in a four-
wave mixing process or resonator model.4 I

Phase Conjugate Michelson Interferometers

We will now consider a Michelson interferometer which is equipped with
phase conjugate mirrors. Such an optical setup is known as a phase conjugate
Michelson interferometer and has been studied by several workers.4 2-44 By virtue
of its names, this interferometer exhibits optical time reversal. Consequently, no
interference is observed at the output port. The output port is, in fact, totally
dark."" Such an interferometer is ideal for parallel subtraction of optical images
because the two beams arriving at the output port are always out of phase by 1.
This has been demonstrated experimentally using a BaTiO3 crystal as the phase
conjugate mirrors."s Using a fiber loop as one of the arms, such an interfero-
meter can be used to sense nonreciprocal phase shifts.16 A phase conjugate fiber
optic gyro has been built and demonstrated for rotation sensing using BaTiO 3
crystals.4 

7 ,4 8

Phase Conjugate Sagnac Interferometers

Using the mutually pumped phase conjugators mentioned earlier, a newtype of phase conjugate interferometer was conceived and demonstrated." 9 In the
new interferometer, one of the mirrors of a conventional Sagnac ring inter-
ferometer is replaced with a MPPC. Such a new interferometer has a dual nature
of Michelson and Sagnac interferometry. As far as wavefront information is con-
cerned, the MPPC acts like a retro-reflector and the setup exhibits phase con-
jugate Michelson interferometry and optical time reversal."4 As for the temporal
information, the MPPC acts like a normal mirror and Sagnac interferometry is
obtained. Such a new phase conjugate interferometer can be used to perform
parallel image subtraction over a large aperture. With optical fiber loops inserted
in the optical path, we have constructed fiber-optic gyros and demonstrated the
rotation sensing.

Other Developments Related to Photorefractive Nonlinear Optics

In addition to those described above, there are other significant
developments. These include polarization-preserving conjugators,So phase shifts
of conjugators,S I optical matrix algebra,S 2 fundamental limit of photorefractive
Speed,S3 nondegenerate two-wave mixing in ruby crystal,S4 and nonlinear Bragg
sCattering in Kerr media.5S
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ABSTRACT

We describe the physics and applications of double phase-conjugate oscillators, and we

investigate the properties of such oscillators using photorefractive phase-conjugate mirrors.

SUMMARY

When two phase-conjugate mirrors with gain are placed near each other, an oscillation will

build up between them. 1 This is called a double phase-conjugate oscillator (DPCO). DPCO's

have many interesting physical properties that can be used to make sensors. For example, the

frequencies of the counterpropagating oscillations in a linear DPCO are independent of the

reciprocal optical path length of the resonator, and dependent on the non-reciprocal optical path

length. This is the exact opposite of linear oscillators using conventional mirrors (i.e. lasers).

Since inertial effects produce nonreciprocal phase-shifts, the DPCO's can be used to sense motion.

In fact, the DPCO is the only oscillator that is known to be capable of measuring translation. 2

Although conventional optics can be used to make rotation sensing oscillators (i.e., ring laser

gyros), these devices can not use solid state gain media due to gain competition, and they suffer
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from the problem of frequency locking. These problems do not exist in phase-conjugate

oscillators. The double phase-conjugate resonator can also be used for communications, where

each phase-conjugator acts as a transceiver. Information can be exchanged between the

phase-conjugate mirrors by modulating the phase, amplitude, or polarization at one of the mirrors.

The phase-conjugate communication link has the desireable properties of high directionality, self

tracking, and aberration correction. To study the properties of DPCO's, we constructed a double

phase-conjugate ring oscillator using a single crystal of barium titanate. The predicted properties of

this oscillator were verified by introducing reciprocal and nonreciprocal elements into tie ring, and

by observing the resulting effect on the frequencies of the bidirectional oscillations.

This research is supported by the U.S. Air Force Office of Scientific Research under

contract F49620-88-C-0023.

1. J. Lam and W. Erown, Opt. Lett. 5, 61 (1980); M. Cronin-Golomb, B. Fischer, S. Kwong,

J. White, and A. Yariv, Opt. Lett. 7, 353 (1985).

2. P. Ycl, M. Khoshncvisan, M. Ewbank, and J. Tracey, Opt. Commun. 57, 387 (1986).
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INTRODUCTION

When two phase-conjugate mirrors with gain arc placed near each other, an oscillation will

build up between them.1 This is called a double phase-conjugate oscillator (DPCO). DPCO's

have many interesting physical properties that can be used to make sensors. For example, the

frequencies of the counterpropagating oscillations in a linear DPCO are independent of the

reciprocal optical path length of the resonator, and dependent on the non-reciprocal optical path

length. This is the exact opposite of linear oscillators using conventional mirrors (i.e. linear

lasers). Since inertial effects produce nonreciprocal phase-shifts, the DPCO's can be used to sense

motion. In fact, the DPCO is the only optical oscillator in which the frequencies of oscillation are

linearly proportional to the velocity.2 Although conventional optics can be used to make rotation

sensing oscillators (i.e., ring laser gyros), these devices can not use solid state gain media due to

gain competition, and they suffer from the problem of frequency locking. These problems do not

exist in DPCO's. The DPCO can also be used for communications, where each phase-conjugator

acts as a transceiver. Information can be exchanged between the phase-conjugate mirrors by

modulating the phase, amplitude, or polarization at one of the mirrors. The phase-conjugate

communication link has the desirable properties of high directionality, self tracking, and aberration

correction.

1. J. Lam and W. Brown, Opt. Lett. 5, 61 (1980); M. Ewbank, P. Yeh, and M. Khoshnevisan,
Opt. Lett. 10, 282 (1985); M. Cronin-Golomb, B. Fischer, S. Kwong, J. White, and A.
Yariv. Opt. Lett. 7, 353 (1985).

2. P. Yeh, M. Khoshnevisan, M. Ewbank, and I. Tracy, Opt. Commun. 57, 387 (1986).
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FREQUENCY SPLITTING OF THE COUNTERPROPAGATING MODES

Consider the linear oscillator formed by two phase-conjugate mirrors PCM a and PCM b as

shown to the right. The roundtrip phase condition is given by,

0a - o + A*o L/c + = 2an (i)

where 03 and Ob arm the phase shifts for reflection from the phase conjugate mirrors a and b

respectively, Aco = czo - %a is the frequency splitting between the counterpropagating oscillations

(note, if Cal =% + Aw2, where (% is the pump wave frequency for the phase-conjugate mirrors,

then w2 = o- A(0/2), L is the length of the resonator, and 0., is the roundurip nonreciprocal phase

shift in the resonator. To gain some insight into how the phase condition determines the

frequencies of oscillation, we make three simplifying assumptions. First we assume the case of

weak coupling for which the phase of the phase conjugate reflection is given by 3,

03 = 01 + -• - 4 + n/2 + 0 + % (2)

where 01 and 02 are the phases of the pumping waves, 04 is the phase of the incident wave, 06 is

the phase of the complex change in index, and Og is the phase shift of the grating with respect to

the intensity pattern. Second, we assume that the frequency shift is small so that g - Og0+Ar.2,

where 0 is the phase shift of the grating in the absence of any frequency shift, and , is dte

response time of the phase-conjugate mirror. Third, we assume the phase-conjugate mirrors are

identical, or the same, so that Oa - o = Oga- 09b = AG) -t. Substituting into Eq. 1 we obtain the

frequency splitting of the zeroth order counterpropagating modes.

• -( r + Lc) (3)

3. S. Kwong, A. Yariv, M. Cronin-Golomb, and B. Fischer, J. Opt. Soc. Am. A 3, 157 (1986);
1 McMichael and P. Yeh, Opt. LetL 12,48 (1987).
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LINEAR POSITION SENSOR

The effect of motion is to produce a nonreciprocal phase shift for light traveling in the

resonator. Consider the case when the resonator is moving with velocity v in the direction from

pCM a to PCM b. For light traveling in the direction of motion, the apparent cavity length is

increased by an amount vlic, so that the phase of the light is increased by an amount 2nvL/cx..

The phase of the light traveling against the direction of motion is decreased by the same amount, so

that the net effect of motion is to introduce a nonreciprocal phase shift Ow = 2nvLtc.. Substituting

into Eq. 3 we obtain.

AI• = 2 (v0)/[ 1 + (c/L) (4)

This frequency splitting can be measured by beating the two outputs from the resonator. If the

response time of dhe phase conjugate mirrors is much faster than the time it takes for light to travel

across the resonator, then the beat frequency f is simply given by.

f~ =VAl (5)

For a wavelength of I pmo. a beat frequency of I liz is obtained with a velocity of approximatcly

0.1 Am/fs.

The theory of the linear position sensor assumes that motion has no other effect than to add

a nonreciprocal phase shift for light traveling in the resonator. This requires that the

phase-conjugate niirron be pumped by separate frequency stabilized sources. To understand this.

consider what would happen if both phase-conjugate minrors are pumped by a source located at

* PCM a. In this case the light traveling from the source at a that provides pumping at b will also

experience the same phase shift due to modim, as the light in the resonator. Vie net effect %kill be

that the phasc-conjugatc reflection will have a tenn OA/2 instead of- Ow,2, so that the rounduip

phase change due to modon wil be 0 instead of w.,
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* PIIASE-CONJUGATE OSCILLATOR GYROS

Consider the phase-conjugate ring resonator shown at the tight. If the resonator is rotating

clockwise with an angular velocity a then light traveling in the resonator experiences a

non-mciprocal phase shift due to the Sagnac effect ofont = 4rnA(?/c• radians, where A is the area

enclosed by the resonator. Since this oscillator uses a single four-wave mixing medium for both

phase-conjugate mirrors, the conditions for Eq. 3 axe met automatically. Substituting into Eq. 3

we obtain,

Ao= (4gA 2)I I + % (cP)] (6)

whe"e P is the perimeter of the resonator. By combining the two outputs from the ring resonator

one can measure a beat frequency f = &4n. that is proportional to the angular veloity Qt. If the

response dine of the phase conjugate mirrors is much faster than the tirne it takes for light to travel

around the resonator. then the beat frequency is simply given by.

f-= 4AMP). (7)

This is the beat frequency o'ained in ring laser gyros. However. since there 6 no gain

competiton between countmei opagating waves in the phase-conjugate resonator (the.

cowuterpropagating waves in fact suppon each other in the phase-conjugate resonator) the phase

conjugate gyros can use homnogencously broadened solid stat media, ln addition. improved

klk-in chacteristics have becn prihcwd4.

4. J. Diels and 1. MclMihacil Op. Leu. 6,219 (19S1); M. Teiani. P1ri. SPIE 412. 186
(1983); P. Ych, J. Tracy. and NM. K)hoshnevisan, Proc. SPIE 412. 240 (19S3).
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DEMONSTRATION OF A DOUBLE PIIASE-CONJUGATE RING OSCILLATOR

AND THE SENSING OF NONRECIPROCAL PHASE S11IIrS

The experimental setup of our double phase-conjugate ring oscillator is shown at dte right. Light

from an argon laser is incident on a BaTiO3 crystal to form a self-pumped "cat" conjugator. The

ling resonator is then fonned by mirrors M I-M3 and dtc crystal. Greater than unity

phase-conjugatc reflcctivity via four-wave mixing in the crystal (the incident light from dte laser

and its conjugate rcflection provide dte cowierpropagating pump waves) is thle gain source for die

bidirectioWal oscillations. Ilie outputs from MI were combined and beat on detector D. As

predicted by Eq. 3. in die absence of any nonrccipsocal phase shift, the frequencies of die

bidir"etional oscillations are very niearly degenerate. and we measured a beat frCquency - 10-3 lit.

W1hen a Iaru.ay cell was placed it) the oscillator to produce a nonreciprocal phase shlif tilhe

bidirectional oscillations became nondegencrate, and wc nawastued a bcaL frequency - 0.2 1L-. 11)c

qualitative dependence of tie fringe noion at detector 1) on the magnitude and direction of the

magnetic fild applied to die Faraday ccU agrees with dieh dlemy. Quanita6 vc meRasurecaments ill

progrs1.
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SUMMARY

Unlike die case in conventional larr, die frequencies of dte countcrpropagaing

oscillatons in double phase conjugate oscillators are nondcgeneratc, and their frequency spliting is

linearly proportional to die nonreciprocal phax shift in the resonator. Since motion produces

noe.reciprocal phase shifts, these oscillators can bcx used for inertial sensing of linear and rotational

lotion. Finally, we constructed a double phasc-conjugatc ring oscillator and have demonstrated

its ability to the sensc nouvrciprocal phase shifts.

"Tids research was partially supported by the U.S. Air Force Office of Scicatific Research

under contract F49620-8S-C-0023.
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